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Chapter 1

Differential Equations: Basic
Concepts

Equations containing derivatives of a dependent variable with respect to
independent variables are called differential equations (DEs). For example,
the equation

y —y=a?
is a differential equation. In this equation z is the independent variable
and y = y(x) is the dependent variable. In the equation

ou Ou 9 9

—+ — ="+,

oxr Oy Y
z and y are the independent variables and u = w(z,y) is the dependent
variable.

Differential equations arise in a variety of subject areas, including not
only the physical sciences but also such diverse fields as economics, medi-
cine, psychology, and operations research. For example, in banking prac-
tice, if P(t) is the number of dollars in a saving bank account that pays a
yearly interest rate of r% compounded continuously, then P satisfies the
differential equation

P r

o7 100" t In years

Some useful ways of classifying differential equations will be described
here.

(1) Order: The order of a differential equation is the order of the highest
derivative that appears, on the dependent variable with respect
to the independent variables, in the equation. Thus, the equation



March 2, 2022

10:25

WSPC/Book Trim Size for 9in x 6in

Book Title

y = f(x,y) is a first-order DE, and y” = f(z,y,y’) is a second-
order DE. More generally, we can express an nth-order DE with x
independent and y dependent as

y™ = F(z,y,y,...,y" ),
or
F(z,y,9,...,y"™) =0.

For example, y"’ — 4y” + 6y” = 2'° is a 3rd-order DE involving x
as the dependent variable and y = y(z) as the dependent variable.

(2) Linear and Nonlinear Equations: The DE

F(Z‘?y? y’? R 7y(n)) = O

is called linear if the dependent variable y and its derivatives appear
in additive combinations of their first powers. Thus a DE is linear
if it has the format

an(x)y(") + an,l(x)y("*l) +-tar(x)y + ao(z)y = F(x).

An equation that is not linear is called nonlinear equation. For
example,

y// + x2y’ _ (1nx) y = .%’10
is a linear equation, whereas

y/// + 3y// _ y/ + y2 — 2?3

is nonlinear 3rd-order DE because of the 3? term.

(3) Ordinary and Partial Differential Equations: A differential equa-

tion involving only ordinary derivatives with respect to a single
independent variable is called an ordinary differential equation
(ODE). A differential equation involving partial derivatives with
respect to more than one independent variable is a partial differ-
ential equation (PDE). Thus, the equation

y'+3y —4y=0

swp0000
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is an ODE and the equation
ou ?u  9%u

ot 022 T o
is a PDE.

Definition 1.1 A function ¢(z) such that ¢, #,¢", ..., 0" exist and
satisfy

oM =F(z,0,¢,....6"")
for every z in an interval [ is called an explicit solution to the DE
y " =Fle,yy .y )
on I.
Example 1.1 Show that y(x) = sinz is an explicit solution to the ODE
y" +y=0.
Solution: The functions y(z) = sinz, y'(z) = cosz, and y"’(x) =
—sinz are defined for all z € (—00,00). Substituting in the DE gives
y' +y=—sinz +sinz = 0.
Thus y(z) = sinz is a solution of the DE for all z € (—o00,0).

Example 1.2 Determine the values of r for which the DE has solution
of the form y = a" for x > 0,

22y — dzy 4+ 4y = 0.

Solution: The functions y(z) = 2", ¥'(z) = ra" !, and y"(z) = r(r —
1)z"~2 are defined for z > 0. On substituting in the DE we obtain
2y — dxy’ + 4y = 0,
22r(r — 2" 2 —dara™ ! 4+ 42" = 0,
r(r—1)a" —4ra” + 42" = 0,
(r? —5r +4)2" = 0.
But z > 0 and so 2" # 0 and (r? —5r+4) = 0. This quadratic equation has

two distinct real roots r; = 4 and ro = 1. Thus y;(z) = 2* and ya(x) =
are two solutions to the DE.
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Existence and Uniqueness are very important concepts in DEs the-
ory. Existence of a solution to the DE is supported by theorems stating that
under certain restrictions the equation has at least one solution. Unique-
ness discusses the conditions must be satisfied so that the problem has only
one solution.

It’s important to mention that the methods for solving DEs do not
always give an explicit solution for the equation, Here we accept implicit
solutions ¢(z,y) = 0.

Example 1.3 Show that the relation
y—Iny=a>+1
implicitly defines a solution to the DE
’ 2y
y—1

Solution: Using the technique of implicit differentiation we obtain

d _i 9
ﬁ(y—lny)—dx(x +1),

1
y' — ~y =2,
y

1
(1 ) y' = 2z,
Y
-1
(=) =2
Yy

This gives that y' = % which is identical to the DE. Thus, the relation

y —Iny = 22 + 1 is an implicit solution on some interval to the DE.
Definition 1.2 By an initial value problem for the nth-order DE
(n) = F(x7 y’ y/7 A 7y(n71))7

we mean: Find a solution to the DE on an interval I that satisfies at x

Y

the n initial conditions (ICs):

9(330) = Qo,

y/(x()) = Qq,

y" D (wo) = o,

swp0000
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where xg € I and «g, a1,...,a,_1 are given constants. Initial value prob-
lems are denoted by IVPs.

For example, the following are IVPs:

v +3y=22, — DE
VP
y(1) = 4. e 1V
Yy + 4y +y> =0, — DFE
IVP
y(0) =4, y'(0) =-2. — csf v

" 7 _
y" +vy" — 3y =3z, — DE} VP

y(-1)=0, ¢y (-1)=1, y"(-1)=3. — ICs
Example 1.4 Show that ¢(z) = e” is a solution to the IVP
y —y=0,
y(0) = 1.

Solution: Notice that ¢(x) = e® and ¢'(z) = e are all defined on
(—00,00). Substituting in the DE gives

Y —y=e" —e" =0,

which holds for all € (—o0,00). Thus ¢(x) = e® is a solution to the DE
and ¢(0) = €® = 1 which satisfies the IC. So, ¢(z) = € is a solution to the
IVP.

Example 1.5 Given that y(z) = C1e* + Cae 2 is a solution to the DE
y'+y -2y =0,

for any choice of the constants C; and C5. Determine C; and C5 so that
the initial conditions are satisfied

swp0000



March 2, 2022 10:25 WSPC/Book Trim Size for 9in x 6in swp0000

6 Book Title

Solution: To determine the constants C; and Cs, we first compute /()
to get

Y (z) = Cre” — 2Ce™2",
Substituting in our initial conditions gives the following system of equations:
y(O) =2=C1+Cy =2,
y'(0)=1= C; —2C, = 1.

Subtracting the last two equations yields 3Cy = 1, so Cy = 1/3. Since
C1 + Cy = 2, we find C7 = 5/3. Hence, the solution to the initial value
problem is
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Chapter 2

First-Order Differential Equations

The general form for a first-order DE is

y/ = f(x,y),

where z is an independent variable and y = y(z) is the dependent variable.

Many physical problems, when formulated mathematically, lead to first-
order differential equations or initial value problems. Several of these are
discussed in Chapter 3. In this chapter we learn how to recognize and
obtain solutions for some special types of first-order equations. We be-
gin by studying linear equations, then separable equations, and then exact
equations. The methods for solving these are the most basic. In some sec-
tions, we illustrate how devices such as integrating factors, substitutions,
and transformations can be used to transform certain equations into either
separable, exact, or linear equations that we can solve. Through our dis-
cussion of these special types of equations, you will gain insight into the
behavior of solutions to more general equations and the possible difficulties
in finding these solutions.

2.1 Existence and Uniqueness

Whether we’re looking for exact solutions or numerical approximations,
it’s useful to know conditions that imply the existence and uniqueness of
solutions of initial value problems for nonlinear equations.

Some terminology: an open rectangle R is a set of points (x,y) such
that

R={(z,y):a<zx<b c<y<d}
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T " R,

L3
=t

Fig. 2.1

“Open” means that the boundary rectangle isn’t included in R.

The next theorem gives sufficient conditions for existence and unique-
ness of solutions of initial value problems for first-order nonlinear differential

equations.

Theorem 2.1
(a) If f is continuous on an open rectangle
R={(z,y):a<z<b c<y<d}
that contains (xo,yo) then the initial value problem

y/ = f(x,y), y(SCo) =Y

has at least one solution ¢(x) in some interval I = (xg — d,z¢ — 9),

where § is a positive number.

(b) If both f and % are continuous on R then the IVP has a unique so-
lution ¢(z) in some interval I = (xg — §,x0 — J), where 0 is a positive

number.

It’s important to understand exactly what Theorem 2.1 says:

e Part (a) is an existence theorem. It guarantees that a solution exists
on some open interval that contains zg, but provides no information
on how to find the solution, or to determine the open interval on which
it exists. Moreover, (a) provides no information on the number of

solutions that the IVP may have.

swp0000



March 8, 2022 10:15 WSPC/Book Trim Size for 9in x 6in swp0000

Contents 9

e Part (b) is a uniqueness theorem. It guarantees that the IVP has a
unique solution on some open interval I that contains xy. However, if
I # (—00,0), The IVP may have more than one solution on a larger
interval that contains I.

Example 2.1 Consider the IVP

2_ 2
’ ==Yy
= 1) =2.
Ve E A y(1)
Since
2% —y? of  2y(1+22?)

z,Yy) =——F——7 and —=-———"""%
f( y) 1+x2+y2 ay (1+l‘2+y2)2

are continuous for all (z,y), Theorem 2.1 implies that the IVP has a unique
solution on some open interval that contains zg = 1.

Example 2.2 Consider the initial value problem
y =y y(0) = 0.

The function f(z,y) = y'/ is continuous everywhere, but 2L = _1

oy 5y4/5
not continuous when y = 0 (i.e., points on the z-axis). The continuity of

f does assure the existence of solutions. On the other hand, any rectangle
containing (0, 0) must contain points on the z-axis, so Part (b) of Theorem
2.1 does not apply to this problem and no conclusion can be drawn from
it. Note that the IVP has at least two solutions, namely,

ne) = (Fevo)

yxm=—(§u+cﬁwa

Example 2.3 Consider the IVP

is

;o 3z2 +4x + 2

-1 0 YO="1

Here

_3x2+4x+2

2
F@y) = and 8f__3:17 +4x+2

2(y - 1) dy  2Ay—1)?
Thus both these functions are continuous everywhere except on the line y =
1. Consequently, a rectangle can be drawn about the initial point (0, —1)
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in which both f and % are continuous. Therefore Theorem 2.1 guarantees
that the IVP has a unique solution in some interval about 2y = 0. However,
even though the rectangle can be stretched infinitely far in both the positive
and negative x directions, this does not necessarily mean that the solution
exists for all z. Indeed, the IVP has the solution

y(z) =1 — Va3 + 222 + 2z + 4.

To determine the interval in which the solution is valid, we must find the
interval in which the quantity under the radical is positive. The only real
zero of this expression is £ = —2, so the desired interval is z > —2.

Now suppose we change the initial condition to y(0) = 1. The initial
point now lies on the line ¥y = 1 so no rectangle can be drawn about it
within which f and % are continuous. Consequently, Theorem 2.1 says
nothing about possible solutions of this modified problem. However, the
functions

ylz) =1+ Va3 + 222 + 2z

are solutions as they satisfy the given differential equation for z > 0 and
also satisfy the initial condition y(0) = 1.

2.2 Linear Equations

A linear first-order equation is an equation that can be expressed in the
form

ar(x)y’ + az(z)y = az(x), (2.1)

where a1 (z), as(z), and az(z) depend only on the independent variable z,
not on y. In other words, a first-order DE is linear if y and 3y’ appear in
additive combinations of their first powers.

For example, the DE

. 1
z?y + (sinz)y = e

is linear with a1(z) = 22, az(z) = sinx, and az(z) =

However, the DE

_1
14+z2°
3z

y —ayd =e”

is not linear due to the presence of the 33 term.
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If we divide both sides of the DE (2.1) by a;(x), then we can write the
general first-order linear equation in the form

v +p(2)y = g(x), (2.2)
where p(z) = az(z)/a1(x) and g(x) = as(z)/a1(z).

Let p(x) be a function to be determined later. Multiplying Eq. (2.2)
by p(z), we obtain

w(@)y +p(x)p(x)y = p(x)g(x).

The last equation amounts to the same as

w(@)y + p(2)y — ' (2)y + pla)u(e)y = p(z)g(z),
0

or

(n(@)y' + 1’ (2)y) + p(x)p(z)y — 1 ()y = p(z)g(z).

Then we have

We will determine p(x) such that

p(z)u(@) — i/ (z) = 0.
Then we have

1 ()
()

= p(m)a

and as a result of integrating both sides with respect to z, we obtain that

Inp(z) = /p(:r)dx + k.

By choosing the arbitrary constant k& to be zero, we obtain the simplest
possible function for p(z), namely,

pla) = el PO,

Note that p(z) is positive for all . Returning to Eq. (2.3), we have

(w(x)y) = p(z)g(z).

swp0000
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Hence
uoly = [ nialg(a)ds +,

so the general solution of Eq. (2.2) is

J () da:—i—C’
M@

y(r) =

The function p(x) is called an integrating factor to the DE (2.2).
[We can summarize the method for solving linear equations as follows|

e Make sure the equation is written in standard form

Y+ plx)y = g(z),

and then identify p(x) and g(x).
e Find the integrating factor p(z) by the formula

) = el v,

e The general solution can be obtained using the formula

J () (xda:+C’

ulw) = ()

Example 2.4 Find the general solution to the DE

xy — 2y =22
Solution: To put this linear equation in standard form, we divide by z to
obtain
;2
Yy —-y=uz
x
Here p(z) = —% and g(x) = z. Thus, an integrating factor is

pz) = el p@)de _ [ —2de _ —2Injz] _ -2

We now find the general solution

J u(z)g(z)dx + C f r 2xdr + C
1 C
o) = LI T =2 (nlal 4 0).
Several solution curves (for C = —2,-1,0,1,2,3, and 4) are shown in Fig.

2.2.
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1l
—_ N W A

Fig. 2.2

Example 2.5 Solve the DE

dy

— —2y=4—1.

a7
Solution: The DE is in standard form. Here p(t) = —2 and g(t) =4 —t.
The integrating factor for the DE is

u(t) = ef POt of 2t _ -2t

Thus the general solution of the DE is

 [ugydt+C [ (4e7 —te ) dt +C
- 1(t) - e

—2e2 4 %te_% + ie_z’s +C
—2t

y(t)

e

71 o

Example 2.6 Solve the initial value problem
xy + 2y = 42,
y(1) =2.

Solution: Rewriting the DE in the standard form, we have

2
y' + —y =4,
X
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Fig. 2.3

so p(z) = 2 and g(z) = 4. In order to solve the DE, we first compute the
integrating factor u(x) :

M(x) _ ef 2dx _ ten\m| - 42,

It follows that

_ [ 2?(4z)dt + C _

3 z? 4+ Cx ™2,
x

y()

is the general solution of the DE. Integral curves of the DE for several values
of C' are shown in Fig. 2.3. To satisfy the initial condition

y(l)=2=1+C =2,
it is necessary to choose C' = 1; thus
2

y(z) =2 +a~

is the solution of the initial value problem.

2.3 Bernoulli Equations
A first order DE that can be written in the form

Y+ p(x)y = g(z)y", n#0,1, (2.4)
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where p(z) and g(x) are continuous on an open interval I, is called Bernoulli
equation. Note that (2.4) is not linear.

Example 2.7

(a) The DE ¢/ + 4y = 47 can be rewritten as y +4y = xy~2. This is a
Bernoulli equation with n = —2.

(b) The DE y' — 2y = | /y can be rewritten as y — 2yy = y*/? and so it is
a Bernoulli equation with n = 1/2.

To solve Bernoulli equation, we use the substitution
v=y

Differentiate v to get

/

v'=(1-n)y "y

/

Multiply Bernoulli equation (2.4) by (1 —n)y~™ to have
(1=n)y "y + (1 = n)p(x)y" " = (1 = n)g(x).

The last equation becomes

v+ (1 =n)p(z)v = (1 —n)g(x).

This is a linear DE on v. Solve it to find v. Then using that v = y*~" we
get an implicit solution to Bernoulli equation (2.4).

Example 2.8 Solve the DE

2 z?
Iy =2 2.5
e (2.5)
Solution: The DE can be written as
2 _
y/ - Zy= x2y 2_
x
This is a Bernoulli equation with n = —2. To transform (2.5) into a linear

equation, we make the substitution

Differentiate to obtain
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Multiply the DE (2.5) by 3y to get
6
3%y — ~y® = 322,
x
v — 91} = 32° (2.6)
. . .
Equation (2.6) is linear with p(z) = —& and g(z) = 3z%. So we can solve it

for v using the method discussed in Section 2.2. When we do this, it turns
out that the integrating factor is

M(-T) _ ef—gd:c _ e—61n|x\ _ l‘_6, x>0,
and
278 (322)dx + C
v:f ( _2 = —23 + b,
T

Substituting v = y> gives the solution
Y3 = —2® + Ca®.

In this case we can obtain an explicit solution

1/3

y=(—2*+Ca%)"", x> 0.
Example 2.9 Solve the IVP
/ 3 2
v =y =2V, (2.7)
y(1) =2.

Solution: This is a Bernoulli equation with n = 1/2. We use the substi-
tution

and so
1
v =yl

When we multiply the DE (2.7) by 2y71/2 we obtain the linear equation

3 1
r_ 2 :72
v va 2.’E7

swp0000
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with p(z) = —2 and g(z) = 322. To solve this linear equation we first
find

w(z) = ef —3edr = gm3Inlzl — p=3/2, x>0,

then the general solution is given by

B [a=3/? (%x2) de+C 1

1.3 3/2
oy 3% + Cx”/=.

v
Using that v = y'/2, we obtain an implicit solution to (2.7),

yl/? = §x3 + 232,

Inserting the given IC y(1) = 2 yields
1
\/§ == g + C,

1
C=vi-i

Thus the solution of the IVP is given implicitly by

y1/2 = %m?’ + <\[2 :1))) /2,

2.4 Separable Equations

A first order DE that can be rewritten to separate the variables z and y on
opposite sides of the equation, as in

h(y)dy = g(z)dz, (2.8)
is called a separable equation.

Example 2.10 Determine whether the given differential equation is sep-
arable

swp0000
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Solution: The differential equation can be written as

Z—z = x(2z) In(y) + 8z*

% =222 In(y) + 82?

;Z—Z; =227 (In(y) + 4)
ln(yﬁdy = 22%dz,

then it has the form (2.8) and is therefore separable.

Letting H(y) and G(z) denote antiderivatives (indefinite integrals) of
h(y) and g(z), respectively,

H'(y) = h(y), G'(z) = g().
Now Eq. (2.8) can be written as

H @)Y = &' (x).

By the chain rule for differentiation, the left-hand side is the derivative of
the composite function H (y(z)) :
d dy

@) = H’(y(w))dx-

Thus,

d
L Hy(@) = ¢ (@)
and consequently H(y(z)) and G(x) are two functions of z that have the

same derivative. Therefore, they differ by a constant:
H(y(x)) = G(z) + C.

This can be used to construct implicit solutions.

In summary, all that is needed to solve a separable equation is to inte-
grate the left side with respect to y and the right side with respect to .
Once this done, we get an implicit solution.

Example 2.11 Solve the DE
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Solution: We separate the variables and rewrite the DE in the form
dy z2+1
de  y3+2

(v* +2) dy = (2% + 1) da.

Thus the DE is separable. In order to solve it, we integrate both sides to
have

/(y3+2)dy:/(x2+1)dx,

1 1
1y4+2y:§x3+m+0.

This is considered an implicit solution to the DE.

Example 2.12 Solve the DE

,_ Tty —dy
r+2

Solution: This problem will require a little work to get it separated, so
let’s do that first,

dy (x2—4)y

dr ~  z+2
ldy (z—2)(z+2)
ydx z+2 ’

1
—dy = (x — 2) dx.
; (z —2)

It’s a separable DE. Integrate the left side with respect to y and the right
side with respect to x to get

2

Inly| = 5 -2z 4 (.
Exponentiating the last equation, we have
ly| = o —20+C1 _ 1% —20 _ Ceé’%
Now, depending on the values of y, we have

22 P
y=4Ce7 2%,

swp0000
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where the choice of sign depends on the values of x and y. Because C' is
a positive constant (recall that C' = e¢“* > 0), we can replace =C by K,
where K now represents an arbitrary nonzero constant. We then obtain

12
y=Ke? 2%,
Example 2.13 Find the solution to the IVP

dy _ ycosw

i 1roe  vO=tL

Solution: Observe that y = 0 is a solution of the given differential equa-
tion. To find other solutions, assume that y # 0 and write the differential
equation in the form

1+ 292
Y

dy = cos zdx.

Then, integrating the left side with respect to y and the right side with
respect to x, we obtain

1
/<y+2y> dy:/cosxdx
In|y| +y* = sinz + C.

To satisfy the initial condition we substitute x = 0 and y = 1 in the last
equation; this gives C' = 1. Hence the solution of the initial value problem
is given implicitly by

In|y| +y* =sinx + 1.
Some integral curves of the given differential equation, including the solu-
tion of the initial value problem, are shown in Fig. 2.4.
2.5 Homogeneous Equations
If the right-hand side of the equation

y = f(z,y)

can be expressed as a function of the ratio y/x alone, G (%), then we say
that the equation is homogeneous.
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Fig. 2.4
For example, the DE
;o y—dx
= 2.9
A — (2.9)
can be written in the form
- () -4 6 (Y)
y - Yy - )

where G(v) = f):st' Since we have expressed the right-hand side of the
equation as a function of the ratio y/x, then equation (2.9) is homogeneous.

Homogeneous equations can always be transformed into separable equa-
tions by a change of the dependent variable. To do so, we make the substi-

tution

)
v==.
T

Our homogeneous equation now has the form
dy y
F-a(?). 2.10
dx T ( )

Keeping in mind that both v and y are functions of x, we use the product
rule for differentiation to deduce from y = vx that
dy dv

dw_v—’—x%
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We then substitute the above expression for dy/dz into equation (2.10) to

obtain
dv
v+ T = G (v),
1 1
———dv = —dx. 2.11
G = vdv mdm (2.11)

The new equation (2.11) is separable, and we can obtain its implicit solution

/ﬁdvz/%dm

All that remains to do is to express the solution in terms of the original
variables x and y.

from

Example 2.14 Solve the DE
(32° —y?) dx + (zy — 2y ) dy =0 (2.12)

Solution: If we express (2.12) in the derivative form

PR R
e ol)

= 2.13
dv  xy—ax3y~! (¥) (2.13)
then we see that the right-hand side of (2.13) is a function of just y/z.

x

Thus, equation (2.12) is homogeneous. Now let v = £ and recall that
% = v+ z2. With these substitutions, equation (2.13) becomes
n dv v? -3
v+ax— =
de v—ov-l’
1—v? 1
dv = —dx
2v x

The above equation is separable, and, on separating the variables and in-

tegrating, we obtain
1—0? 1
/ Y dv = /fdx,
2v T

1 2
3 <lnv| — 1;) =lInlz|+ C.

swp0000
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Finally, we substitute v = y/z to get

1 uy?
3 <1n‘i‘—(”2)> =In|z|+C

as an implicit solution to equation (2.12).

2.6 Exact Equations

Any first-order DE y' = f(z,y) can be rewritten in the form

M(z,y)dz + N(z,y)dy = 0. (2.14)
For example, the DE

;L 222y + 3x — 1
3 + e¥
can be rewritten in the form
(1—22%y —3z)dz + (zy® +e¥)dy =0

Here M(z,y) = (1 — 222y — 3;10) and N(z,y) = (xy?’ + ey).
Example 2.15 Consider the DE

(22 + y*)dz + (2xy)dy = 0. (2.15)
Observe that

0 0
(22 4 y?)dz + (2zy)dy = %(ﬁ + 2y?)dx + a—y(x2 + zy?)dy.

Thus the left-hand side of Eq. (2.15) is identified as a total differential,

OF OF
(22 + y*)dx + (2zy)dy = a—xdav + 87ydy =dF(z,y)

where F(z,y) = (2 + zy?). In order to solve the DE (2.15), we need to
solve

dF = 0.
Thus, the solutions of the DE are given (implicitly) by the level curves
F(z,y)=C

for an arbitrary constant C'.
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We'll say that the equation
M(z,y)dz + N(z,y)dy =0

is exact on an open rectangle R if there’s a function F(x,y) such that F,
and F), are continuous, and

Fy(z,y) = M(z,y) and Fy(z,y) = N(z,y) (2.16)

for all (x,y) in R. This usage of “exact” is related to its usage in calculus,
where the expression

is the exact (total) differential of F| denoted by dF'.
Example 2.15 shows that it’s easy to solve (2.15) if it’s exact and we
know a function F' that satisfies (2.16). The important questions are:

Q1. Given an equation (2.14), how can we determine whether it’s exact?
Q2. If (2.14) is exact, how do we find a function F satisfying (2.16)?

A systematic way of determining whether a given differential equation
is exact is provided by the following theorem.

Theorem 2.2 Let the functions N, M, M,, N, be continuous in the rec-
tangular region R = {(z,y) 1 a < x < b,c <y < d}. Then the DE

M(z,y)dx + N(z,y)dy =0
is exact in R if and only if the condition
My(z,y) = No(z,y)
holds for all (z,y) in R.

Example 2.16 Determine whether the equation is exact

(a) (yewy - %) dx + (xe‘”y + y%) dy = 0.
Here M (z,y) = ye™¥ — i and N(z,y) = ze®™ + % It is easy to find
that
My(z,y) = zye™ + € + 2712 = N,(z,y),

so the given equation is exact.
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(b) (3zy +y?) dz + (2* + wy) dy = 0.
Here M (z,y) = 3zy +y? and N(x,y) = 22 + xy. It is easy to find that
My(z,y) = 3z + 2y, No(z,y) =22 +y.
Since M, # N, the given equation is not exact.

The next example illustrates a possible method for finding a function
F(z,y) that satisfies the condition F,(z,y) = M(z,y) and Fy(z,y) =
N(z,y) if M(z,y)dz + N(z,y)dy = 0 is exact.

Example 2.17 Solve
(4x3y3 + 3.’1:2) dx + (3x4y2 + 6y2) dy = 0. (2.17)

Solution: Here M (x,y) = 423y + 32% and N(x,y) = 3x*y? + 6y°. It is
easy to find that

My(z,y) = 122%y* = N,(z,y),

for all (z,y). Therefore Theorem 2.2 implies that the given equation is
exact. Consequently there’s a function F' such that

Fo(z,y) = M(z,y) = 423y® + 32° (2.18)
and
F,(z,y) = N(z,y) = 32"y* + 6y° (2.19)

for all (x,y). To find F, we integrate (2.18) with respect to  to obtain
F(z,y) = / (42y® + 32%) dz = 2*y® + 2 + ¢ (), (2.20)

where ¢(y) is the “constant” of integration (¢(y) independent of x, the
variable of integration.) To determine ¢ so that F' also satisfies (2.19),
assume that ¢ is differentiable and differentiate F' with respect to y. This
yields

3zt + ¢/ (y) = 3ay® + 632
and so

¢'(y) = 6y°.
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Integrate this with respect to y and take the constant of integration to be
zero because we're interested only in finding one F' that satisfies (2.18) and
(2.19). This yields

Hence, from (2.20), we have F(z,y) = %y + 23 + 2y3, and the solution to
equation (2.17) is given implicitly by F'(z,y) = C;

aty? + a2t 42y = C.

We can also obtain the function F in a different way. Instead of first
integrating (2.18) with respect to x, we could begin by integrating (2.19)
with respect to y to obtain

F(z,y) = / (3z*y? + 6y°) dy = z*y® + 2y° + ¥(z),

where v is an arbitrary function of . To determine v, we assume that
is differentiable and differentiate F' with respect to x, which yields

Fy(z,y) = 4%y + ¢/ (2).

Comparing this with (2.18) shows that

Y/ (x) = 32
Integrating this and again taking the constant of integration to be zero
yields

() = 2°.

Hence F(z,y) = z*y3 + 25> + 22,

Many equations can be conveniently solved by either of the two methods
used in the last example. However, sometimes the integration required in
one approach is more difficult than in the other. In such cases we choose
the approach that requires the easier integration.

Example 2.18 Solve the equation
(ye™ tanz + €™ sec® ) dz + (ze™ tanz) dy = 0. (2.21)
Solution: Here

M(z,y) = ye®™ tanx + ¥ sec? & and  N(z,y) = ze® tanz.
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It is easy to see that
M, = zye™ tanz + €Y tanz + ze”¥ sec’ z = N,
so the given equation is exact. Thus there is a function F(z,y) such that
Fy(z,y) = M(z,y) = ye™ tanz + " sec’ x (2.22)
and
Fy(z,y) = N(z,y) = ze*¥ tanx. (2.23)

It’s difficult to integrate (2.22) with respect to x, but easy to integrate
(2.23) with respect to y. This yields

F(z,y) = /xe”y tanzdy = e*¥ tanz + ¢(x). (2.24)

Substituting in (2.22) gives
ye® tanz + e%¥ sec’ x + ¢/ (x) = ye®™ tanx + € sec? x.

Thus ¢'(z) = 0 and ¢(z) is a constant, which we can take to be zero.
Substituting for ¢(x) in Eq. (2.24) gives

F(z,y) =" tanx.
Hence solutions of Eq. (2.21) are given implicitly by
eV tanx = C1.

In this case we can solve explicitly for y to obtain

~ C +In|cot z]
y= - .

2.7 Special Integrating Factors

It is sometimes possible to convert a differential equation that is not exact
into an exact equation by multiplying the equation by a suitable integrating
factor. Recall that this is the procedure that we used in solving linear
equations in Section 2.2. To investigate the possibility of implementing
this idea more generally, let us multiply the equation

M(z,y)dz + N(z,y)dy =0 (2.25)
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by a function p(z,y) and then try to choose p so that the resulting equation
pw(z, y) M (, y)da + p(z, y)N(z, y)dy = 0 (2.26)

is exact. Such a function p(z,y) is called an integrating factor for (2.25).
By Theorem 2.2 Eq. (2.26) is exact if and only if

(M), = (uN), - (2.27)

Keeping in mind that M and N are given functions, Eq. (2.27) states
that the integrating factor p must satisfy the first order partial differential
equation

My, + Myp = Nppy + Nopp = 0,
My, — Npy, + (My — Ng) p = 0. (2.28)

If a function p satisfying Eq. (2.28) can be found, then Eq. (2.26) will
be exact. A partial differential equation of the form (2.28) may have more
than one solution; if this is the case, any such solution may be used as an
integrating factor of Eq. (2.25).

Unfortunately, Eq. (2.28), which determines the integrating factor pu, is
usually at least as difficult to solve as the original equation (2.25). There-
fore, while in principle integrating factors are powerful tools for solving
differential equations, in practice they can be found only in special cases.
The most important situations in which simple integrating factors can be
found occur when p is a function of only one of the variables x or y, instead
of both.

Let’s assume that Eq. (2.25) has an integrating factor that depends
only on x; that is, u = pu(z). In this case p, = 0 and Eq. (2.28) reduces to
the separable equation

Ha M, — N,

i (2.29)

Then we can solve the separable equation (2.29) to obtain

My —Ng

plw) =el 7%

dx

In a similar fashion, if Eq. (2.25) has an integrating factor that depends
only on y, then p, =0 and Eq. (2.28) reduces to the separable equation

@:Ngc—My

i’ 7 (2.30)
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Then we can solve the separable equation (2.30) to obtain

. Ng—M.
= €j 3 ydy.

wy)

We summarize these observations in the following procedure:
ethod for Finding Special Integrating Factors:

If the DE M(z,y)dz + N(z,y)dy = 0 is not exact, we consider

o If Mule

is a function of just x, then an integrating factor is given by
My—Ng
w(z) = el —'mdw, (2.31)

o If % is a function of just y, then an integrating factor is given by

Ng

uly) = el iy, (2.32)

Example 2.19 Find an integrating factor for the equation
(2zy® — 22%y° — dzy® + 2z) dz + (32°y* +4y) dy =0 (2.33)

and solve the equation.
Solution: Here

M(z,y) = 2xy> — 223y® — day? + 2, N(z,y) = 32%y* + 4y,
and
M, = 6zy> — 62°y* — 8xy, N, = 6zy>.
Since My # N, so Eq. (2.33) is not exact. However,

M,—N, —62°y*—8zy —2x (32%y% + 4y)

= — — _2
N 3x2y? + 4y 3x2y? + 4y .

is a function of only z. So an integrating factor for (2.33) is given by formula
(2.31). That is,

_ ef %dm _ ef72mdw _ €7$2

p(x)
When we multiply (2.33) by p(z) = e‘wz, we get the exact equation
e (23:3/3 — 22393 — day® + 23:) dz + e (3x2y2 + 4y) dy = 0.
Thus there is a function F(z,y) such that

Fy(x,y) = e (2xy3 — 2233 — day® + 21) (2.34)

swp0000
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and
Fy(z,y) = e (32%y% + 4y) . (2.35)

Integrating (2.35), we obtain

F(z,y) = /e’g‘"2 (32%y* + 4dy) dy = e~ (2%y® +2¢°) + ¢(z).
Now we can use (2.34) to get
F.(z,y) = e (2xy3 — 2233 — day® + 2x)
e~ (2zy® — 22%y° — day?) + ¢/ (z) = e (2zy® — 22°y° — day® + 22) ,
and so
¢ (x) = e
A direct integration by substitution (u = —x2) yields

2

o(x) = /2xefx2dx =—e 7.
Hence solutions of Eq. (2.33) are given implicitly by
F(z,y) = C,
et ($2y3 + 2y2) e = C,
e (x2y3 + 297 — 1) =C.
Example 2.20 Solve the differential equation
2zy’de + (32°y® +2%y* + 1) dy = 0. (2.36)
Here,
M(z,y) =2zy°,  N(z,y) = 32"y + 2%y + 1,
and
My(z,y) = 6212, N.(z,y) = 6zy® + 2xy°.

Since M, # N, , the given equation is not exact. Let us first determine
whether it has an integrating factor that depends on x only. On computing
the quantity

M, - N, —2x1°
N 3222 +a2y3 41
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My—N,

we find that —“F—= is not a function of z only. However, the quantity

N, - M, 2293

=1
M 2xy>?

is independent of x, so we can consider it as a function of y only, 1 = 3°.
Thus there is an integrating factor p that is a function of y only. To obtain
i, we use formula (2.32),

ly) = of =y _ oS 1y _ gy,

Multiplying (2.36) by u(y) = e¥ yields the exact equation
2z dr + (33:2;1;2 + 2%y + 1) eYdy =0
This ensures that there is a function F(z,y) such that
Fy(x,y) = 2zye? (2.37)
and
Fy(z,y) = (32%y* + 2y® + 1) €. (2.38)
Integrating (2.37) with respect to z yields
F(z,y) = /2xy3eydx = 2%y + é(y).
Using (2.38) yields
32%y%eY + 2?ye + ¢ (y) = (3x2y2 + 2%y + 1)e¥
and so ¢'(y) = e¥. Hence, ¢(y) = e¥ and consequently
F(z,y) = 2*y’e? + ¢V = (a®y® + 1) eV,
We conclude that
(m2y3 + 1) ey =C

is an implicit solution of (2.36).

swp0000
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Chapter 3

Mathematical Modeling

3.1 Orthogonal trajectories

Suppose that we have two families of curves given by

F(z,y,c)=0 and G(z,y,k) =0,

such that at any intersection of a curve of the family F(z,y,c) = 0 with a
curve of the family G(z,y, k) = 0, the tangents of the curves are perpendic-
ular. Then we say that the two families are orthogonal trajectories of each
other. In this case, we have two families of curves that always intersect
perpendicularly.

For example, the family of circles represented by z2+y? = ¢, with center
at the origin, and the family y = kx of straight lines through the origin,
are orthogonal trajectories of each other, as shown in Fig. 3.1.

at

33
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Example 3.1 Find the orthogonal trajectories of the family
cx? —y? =1. (3.1)

Solution: To find the orthogonal trajectories, we follow the following four
steps:

Step 1. Differentiate (3.1) implicitly with respect to x to obtain

dy _

2cx — 2 0. 3.2
cr 2y (3.2
Step 2. Eliminate the parameter c. From (3.1) we have
1492
€=

Substituting the value of ¢ in (3.2) yields

dy 1+4y?
—= = . 3.3
dx Ty (3:3)

This gives the differential equation of the family (3.1).

Step 3. Replace % in (3.3) by 7. Orthogonal trajectories have the slope 7.
v

dy -+

x dx
Thus, to obtain the differential equation of the orthogonal trajectories,

we replace % in (3.3) by 7+ to get
T
dy zy
— = . 3.4
dx 1+ y2 (34)

Step 4. Solve the DE (3.4). It’s easy to verify that Equation (3.4) is separable
and so can be written as

Integrating the left-hand side with respect to y and the right-hand side
with respect to x yields

1 2
/ ty dy:—/xdac,
Y
1 z?
—ty)dy=—— +c,
Y 2

% 2
1n|y|+? =——+tc1,

2In|y| +9* = —2? + k.
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Thus, the required equation of orthogonal trajectories is given by
2Iny| 4+ y* +2? = k.

3.2 Newton’s law of cooling

According to Newton’s empirical law of cooling/warming, the rate at which
the temperature of a body changes is proportional to the difference be-
tween the temperature of the body and the temperature of the surrounding
medium. If T'(¢) represents the temperature of a body at time ¢, T;,, the
temperature of the surrounding medium, and 7”(¢) the rate at which the
temperature of the body changes, then Newton’s law of cooling/warming
translates into the mathematical statement

T'(t) = —k (T(t) — T (). (3.5)

For simplicity, in this section we’ll assume that the medium is maintained
at a constant temperature T,,,. In either case, cooling or warming, it stands
to reason that k£ > 0. This is due to the fact that the temperature of the
object must decrease if T' > T,,, or increase if T' < T,,. We’ll call k the
temperature decay constant of the medium.

This is another example of building a simple mathematical model for
a physical phenomenon. Like most mathematical models it has its limi-
tations. For example, it’s reasonable to assume that the temperature of
a room remains approximately constant if the cooling object is a cup of
coffee, but perhaps not if it’s a huge cauldron of molten metal.

To solve (3.5), we rewrite it as

T'(t) + kT (t) = —kTy,.
The solutions of this linear equation is
T(t) = T, + Ce™ .
If T(0) = Ty, setting t = 0 here yields C = Ty — Ty, s0
T(t) = Ty + (To — Trm) e . (3.6)
Note that T' — T,,, decays exponentially, with decay constant k.

Example 3.2 When a cake is removed from an oven, its temperature is
measured at 300° F'. Three minutes later its temperature is 200° F'. How
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long will it take for the cake to cool off to a room temperature of 70° F'?
What is its temperature of the cake after 20 minutes?

Solution: In (3.5) we make the identification T}, = 70. We must then
solve the initial-value problem

T = —k(T — 70), (3.7)
T(0) = 300.

It’s also given that T'(3) = 200. Equation (3.7) is linear and has the solution
given in (3.6)

T(t) =Ty + (Ty — Tpp) e,
T(t) = 70 4 230e .

Finally, the measurement 7'(3) = 200 leads

200 = 70 + 230e 3%,

ok _ 230
130’
1, (23
= -In( = ) =0.19018.
k=3 n<13> 0.19018
Thus,
T(t) = 70 + 230e~0-19018%, (3.8)

Therefore the temperature of the cake after 20 minutes is
T(20) = 70 + 230e~0-19018(20) ~ 75°,

We note that (3.8) gives no finite solution to T'(t) = 70, since tlim T(t) =
70. The accompanying figure and table clearly show that the cake will be
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approximately at room temperature in about 45 minutes.

Ct(min) T
T 20 751267 i
25 71.9809 [
30 70.7654

35 70.2957

T(t

40 70.1142 Y
45 70.0441 A
50 70.0170 100 AN

55  70.0065 Py

3.3 Population Growth and Carrying Capacity

To model population growth using a differential equation, we first need to
introduce some variables and relevant terms. The variable ¢ will represent
time. The units of time can be hours, days, weeks, months, or even years.
Any given problem must specify the units used in that particular problem.
The variable P will represent population. Since the population varies over
time, it is understood to be a function of time. Therefore we use the nota-
tion P(t) for the population as a function of time. If P(¢) is a differentiable
function, then the first derivative dP/dt represents the instantaneous rate
of change of the population as a function of time.

In Exponential Growth and Decay, we studied the exponential growth
and decay of populations and radioactive substances. An example of an ex-
ponential growth function is P(t) = Pye"™. In this function, P(t) represents
the population at time ¢, Py represents the initial population (population at
time ¢ = 0), and the constant r > 0 is called the growth rate. One problem
with this function is its prediction that as time goes on, the population
grows without bound. This is unrealistic in a real-world setting. Various
factors limit the rate of growth of a particular population, including birth
rate, death rate, food supply, predators, and so on. The growth constant r
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usually takes into consideration the birth and death rates but none of the
other factors, and it can be interpreted as a net (birth minus death) percent
growth rate per unit time. A natural question to ask is whether the popula-
tion growth rate stays constant, or whether it changes over time. Biologists
have found that in many biological systems, the population grows until a
certain steady-state population is reached. This possibility is not taken into
account with exponential growth. However, the concept of carrying capac-
ity allows for the possibility that in a given area, only a certain number of
a given organism or animal can thrive without running into resource issues.

Let K represent the carrying capacity for a particular organism in a
given environment, and let r be a real number that represents the growth
rate. The function P(t) represents the population of this organism as a
function of time ¢, and the constant P, represents the initial population
(population of the organism at time ¢ = 0). Then the logistic differential

‘(%3 =rP (1 - Ilz) . (3.9)

The logistic equation was first published by Pierre Verhulst in 1845 . This
differential equation can be coupled with the initial condition P(0) = Py to
form an initial-value problem for P(t).

The logistic differential equation is separable differential equation be-
cause it can be written as

equation is

dP K-P
dt—’f‘P(K ),

K

To solve this separable equations we integrate to have

J——

1 1
/<P+”>dP—Tt+C,

In|P|—In|K —P|=rt+C,

In

=1t .
K—P‘ rt+C

Now exponentiate both sides of the equation to eliminate the natural log-
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P
_ ert—‘,—C7

K—-P

Solving the last equation for P gives

Cl Ke”
P(t) = ———.
( ) 1+ Chem
To determine the value of Cy, we use the IC: P(0) = P, in the last equation
for P(t) and solve for Cy:

Py
Cy XD
This gives the formula for P(t) as
PyKe™ PK
P(t) = 02¢ - 0 (3.10)

(K — Py) + Pye (K —Py)e "+ Py

Example 3.3 Suppose a student carrying a flu virus returns to an iso-
lated college campus of 1000 students. If it is assumed that the rate at
which the virus spreads is proportional not only to the number P of in-
fected students but also to the number of students not infected, determine
the number of infected students after 6 days if it is further observed that
after 4 days P(4) = 50.

Solution: Assuming that no one leaves the campus throughout the
duration of the disease, we must solve the initial-value problem

apP
P
dt 1000
P(0) = 1.
We have immediately from (3.10) that

1000

Pt)= —.
®) 999e~rt 4+ 1

swp0000
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Now, using the information P(4) = 50, we determine r from

1000
0= ——
999e—4 + 1’
—ar _ 19
999’

19
4y =1n [ =2
" n(999)’

-1 1
r=—In <9> = 0.9906.

4 999
Thus
1000
P(t) = 009¢—0-9906t 4 1
Finally,
1000

P(6) = 276 students.

= 099¢—5-9436 1 |

Note that the number of infected students P(¢) approaches 1000 as t in-
creases.

1000

T s %

900

T S PP 4

700

400

300

100 -

Fig. 3.2
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Chapter 4

Linear Second-Order Equations

A second order ordinary differential equation has the form

y// = f(x,y, y/)a (41)

where f is some given function. Usually, we will denote the independent
variable by = and the dependent variable by y = y(x). A linear second
order ODE has the form

a1(2)y" + az(z)y’ + az(x)y = as(x). (4.2)

Of course, if a; (x) # 0, we can divide Eq. (4.2) by a1(x) and thereby obtain
the standard form of a linear second order ODE

y" +p(@)y +q(2)y = g(2). (4.3)
We say that Eq. (4.3) is homogeneous if g(x) = 0 or nonhomogeneous if
g(z) # 0. In discussing Eq. (4.3) and in trying to solve it, we will restrict
ourselves to intervals in which p, ¢, and g are continuous functions.

We begin our discussion with homogeneous equations, which we will
write in the form

ar(2)y" + az(x)y’ + as(x)y = 0.

In this chapter we will concentrate our attention on equations in which
the functions a1, as, and ag are constants. In this case, Eq. (4.3) becomes

ay” +by' +cy = g(x),
where a, b, and c are given constants.

41
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An initial value problem consists of a differential equation such as Eq.
(4.1) together with a pair of initial conditions
y' = f(z5.9),
y(zo) = yo, Y (w0) =1

Observe that the initial conditions for a second order equation prescribe
not only a particular point (g, yo) through which the graph of the solution
must pass, but also the slope y; of the graph at that point.

4.1 Fundamental Solutions of Linear Homogeneous Equa-
tions

This section is devoted to linear homogeneous second order ODEs of the
form

y" 4+ p(a)y +q(x)y =0. (4.4)

The next theorem gives sufficient conditions for existence and uniqueness
of solutions of initial value problems for linear second order ODEs.

Theorem 4.1 Consider the IVP

v +p(x)y + q(z)y = g(x), y(wo) =vo, ¥'(wo) =w1. (4.5)

If p, q, and g are continuous on an open interval I containing xy, then
there is exactly one solution y = @(x) of this problem, and the solution
exists throughout the interval I.

Example 4.1 Find the longest interval in which the solution of the initial
value problem

z(z—4)y" +3zy’ +4y = 2, y3)=0, ¢y (3)=-1

is certain to exist.
Solution: We first rewrite the DE in the form of Eq. (4.5). To do so,
we divide the DE by « (z — 4) to have

Y+ 5 Y+ A y= 2
(x —4) z(x —4) z(z—4)
Then p(z) = ﬁ, q(z) = ﬁ7 and g(x) = ﬁ. The only points

of discontinuity of the coefficients are x = 0 and = = 4. Therefore, the
longest open interval, containing the initial point = 3, in which all the
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coefficients are continuous is 0 < 2 < 4. Thus, this is the longest interval
in which Theorem 4.1 guarantees that the solution exists.

If y; and y, are defined on an interval I and ¢; and ¢ are constants,
then

Yy =c1y1 + cay2

is a linear combination of y; and ys. For example, y = 2cosx + 7sinz is a

linear combination of y; = cosx and ¥y, = sinzx, with ¢y =2 and ¢ = 7.
Let us now assume that y; and ys are two solutions of Eq. (4.4), then

we can generate more solutions by forming linear combinations of y; and

Y2.

Theorem 4.2 (Principle of Superposition) If y; and y are two so-
lutions of the DE

Y +p(x)y + qx)y =0,

then the linear combination ci1y1 + cayo is also a solution for any values of
the constants ¢1 and ca.

A special case of the this theorem occurs if either ¢; or ¢s is zero. Then
we conclude that any constant multiple y = ¢;y1(x) of a solution y;(z) of
a homogeneous linear differential equation is also a solution.

The next two concepts are basic to the study of linear differential equa-
tions.

Definition 4.1 Two functions f(z) and g(z) defined on an open interval
I are said to be linearly independent on I provided that neither is a constant
multiple of the other. Two functions are said to be linearly dependent on
an open interval provided that they are not linearly independent there; that
is, one of them is a constant multiple of the other.

According to the above definition, two functions f(z) and g(x) are lin-
early depependent on I if there is a constant ¢ such that f(z) = cg(x) for all
x € I. In this case the quotients f/g = c or g/f = 1/c are constant-valued
function on I. We can always determine whether two given functions f and
g are linearly dependent on an interval I by:

o If g is a constant-valued function on I, then f and ¢ are linearly de-
pendent on 1.

o If g is not a constant-valued function on I, then f and g are linearly
independent on I.
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Example 4.2 The pair of functions sinx and cosxz are linearly inde-
pendent on any interval. This is clear beacause sinz/cosz = tanx is
not a constant-valued function. But the functions f(z) = sin2z and
g(x) = sinzx cosz are linearly dependent on any interval because

f(z) =sin 2z = 2sinz cosz = 2g(x).

Definition 4.2 Given two functions f and g, the Wronskian of f and g
is the determinant

fg
e
We write either W(f;g) or W(f;g)(x), depending on whether we wish to
emphasize the two functions or the point x at which the Wronskian is to

W= =fg —gf"

be evaluated.

For example,

T X

€ xre

W(e®, ze®) = T per|= e” (ze” 4 €%) — " (ze”) = **
ze® +e

T

and

cosx sinzx

W (cosz,sinz) = =cos’x +sin’z = 1.

—sinx cosT

The following theorem gives a simple explicit formula for the Wronskian
of any two solutions of any such equation, even if the solutions themselves
are not known.

Theorem 4.3 (Abel’s Theorem) If y1 and yo are solutions of the dif-
ferential equation

y' +p(@)y +q(x)y =0

where p and q are continuous on an open interval I, then the Wronskian
W(y1,y2) is given by

W (y1,y2) = ce™ fp(z)dr}
where ¢ is a certain constant that depends on y1 and ys, but not on x.

Of course, we know by Abel’s Theorem that W (y1,y2) is either every-
where zero or nowhere zero in I. The next theorem says that two solutions
y1 and ys of Eq. (4.4) are linearly independent on I if and only if W (y;,y2)
has no zeros on I.
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Theorem 4.4  Suppose that y1 and y2 are two solutions of the homoge-
neous second-order linear equation

y' +p@)y +aq(z)y=0 (4.6)
on an open interval I on which p and q are continuous. Then

(a) y1 and yo are linearly dependent on I if and only if W(y1,y=2)(x) =0
forallxz e 1.

(b) y1 and ya are linearly independent on I if and only if W (y1,y2)(z) # 0
at each x € 1.

Proof. Observe first that if y; and ys are linearly dependent, then y; = k
1o and so

=0

k
Wl e)e) = | 1

for all z in I. On the other hand, let W (y;,ys) = 0 throughout I. Choose
any point xo in I; then necessarily W (y1,y2)(xo) = 0. Consequently, the
system of equations

Cc1Y1 (330) + ngg(l‘o) =0, (47)
1y (o) + cays (o) = 0,

for ¢; and ¢y has a nontrivial solution. Using these values of ¢; and ca, let
p(z) = ayr (@) + caya(z).

Then ¢ is a solution of Eq. (4.6), and by Eqgs. (4.7) ¢ also satisfies the
initial conditions

¢(z0) =0,  ¢'(xg) =0.

Therefore, by Theorem 4.1 p(x) = 0 for all z in I. Since

p(r) = cry1(w) + coye(x) =0

with ¢; and cs not both zero, this means that y; and y; are linearly depen-
dent. |

Example 4.3 Show that the functions e3* and e=2*

pendent on any interval.

are linearly inde-
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Solution: We calculate the Wronskian of the given two funcions:

e3w 672:6

3z 2z
W(e ) € ): 36330 _267293

= —5e”.

Since W (e3*,e72%)(z) # 0 at each = € R, then by Theorem 4.4 the functions

e3” and e~ 2% are linearly independent on any interval.

The expression

y(x) = c1y1(w) + caya(z)

with arbitrary constant coefficients is called the general solution of Eq.
(4.4) if it contains all solutions of Eq. (4.4). Moreover, the solutions y; and
y2 are said to form a fundamental set of solutions of Eq. (4.4).

The following theorem states that any two linearly independent solu-
tions of the second-order homogeneous equation (4.4) form a fundamental
set of solutions.

Theorem 4.5 If y; and ys are two linearly independent solutions of the
homogeneous equation (4.4),

y' +p@)y +a(z)y =0,
with p and q continuous on the open interval I, then
y(@) = ayi(z) + coyp(z),  z €,
is the general solution of Eq. (4.4).

Proof. Let Y(x) be any solution of Eq. (4.4). Since y; and ys are
linearly independent, we can find a point xg where W (y1,y2)(xo) # 0.
Then evaluate Y and Y’ at this point and call these values Yy and Y7,
respectively; thus

YO = Y(Jjo), Y1 = Y’(J}Q).
Next, consider the initial value problem
y'+p@)y +a(@)y=0,  ylzo)=Yo, ¥ (20)="1

The function Y is certainly a solution of this initial value problem. On the
other hand, since W (y1,y2)(zo) # 0, it is possible to choose ¢; and ¢; so
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that y(z) = c1y1(x) + cay2(z) is also a solution of the initial value problem.
In fact, the initial conditions require ¢; and c¢; to satisfy the equations

a1y (o) + cay2(z0) = Yo,
c1y; (o) + coyh(z0) = V1.

Upon solving this system for ¢; and ¢q, we find that the proper values of
c1 and c; are given by

‘Yo Yya(o)
Y1 ys(wo)

‘yl(ivo) Yo
o — o Y1 (zo) Y1
' W(yl,y2)($0)’ ! W(y1,y2)($0)'

The uniqueness part of Theorem 4.1 guarantees that these two solutions of

the same initial value problem are actually the same function; thus
Y(z) = aiy1(2) + coya(z).

Finally, since Y is an arbitrary solution of Eq. (4.4), it follows that every
solution of this equation is included in this family. This completes the

proof.
O
Example 4.4 We can easily verify that y;(z) = €2* and ya(x) = =22
are two solutions of the DE
Yy’ — 4y =0.
The Wronskian of these solutions is
ech 6—290
W(ylayQ)(m) = 902t _9po—2a =—4 7£ 0,

so they are linearly independent and form a fundamental set of solutions.

The general solution of the given DE is
y(x) = 162 + coe ",

Example 4.5 Find a pair of linearly independent solutions of the form
y = z" to the following DE for z > 0

32%y" 4+ 1lzy’ — 3y = 0, x>0,

then write it’s general solution.
Solution: Inserting y = z” yields,

3r? +8r—3=0,
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whose roots 7 = 1/3 and r = —3 produce the solutions
yi(z) =2 and yo(z) =273
We calculate the Wronskian of y; and ys:
/3 g3 10
Wy, y2)(z) = 123 344 | = T3/ #

Since W is nonzero for every value of > 0, then y; and y» form a funda-
mental set of solutions. Consequently, the general solution is given by

1/3 3

y(x) = crz™’° + ™"

Example 4.6 The functions y;(z) = €3 and yo(z) = 3% are both
solutions of the homogeneous linear equation ¢’ — 9y = 0 on the inter-
val (—00,00). By inspection the solutions are linearly independent on
(—00,00). This fact can be corroborated by observing that the Wronskian

eSz e—Sz

W(yhyQ)(x) = 337 _3e—3%

=640

for every . We conclude that y; and ys form a fundamental set of solutions,
and consequently, y(z) = c1e3% + coe™3% is the general solution of the
equation on the interval. The function y = 4sinh3z — 5e~3% is also a
solution of the differential equation. (Verify this.) In view of Theorem 4.5
we must be able to obtain this solution from the general solution y(z) =
c1€3% + coe™3%. Observe that

y = 4sinh 3z — 5e 3%

3z _ ,—3x
=4 <626> _ 56*396

= 2¢3% — 7e73%,
Therefore, y(z) = 4sinh3z — 5e73% = ¢1€5% 4 e 3% with ¢ = 2 and
Coy = —7.
4.2 Reduction of Order

Let y1(x) be a known nonzero solution to the homogeneous equation

y" +p(x)y + q(z)y =0, (4.8)



May 14, 2022 11:40 WSPC/Book Trim Size for 9in x 6in swp0000

Contents 49

with p and ¢ continuous on the open interval I. To write the general
solution to Eq. (4.8), we need a second linearly independent solution ys(x).
The Method of Reduction of Order is a well-known method to obtain such
second solution, yo(x).

Reduction of Order method assumes that

y2(z) = v(z)y1(2).
We can find that
ya(2) = v(@)yi(z) + V' (2)y1(2),
Yz (z) = v(z)y! (2) + 20" (2)yi (z) + 0" (2)y1 ().

Substituting these expressions for ya, y5, and y4 in Eq. (4.8) and rearrang-
ing terms, we obtain

(W) +p(@)y; + q(@)y1) v+ y10" + 2yy +p@)y) v = 0.  (4.9)

Since y; is a solution to Eq. (4.8) then y{ + p(z)y] + ¢(z)y1 = 0 and Eq.
(4.9) reduces to

y1v" + (2y1 + p(x)y1) v = 0.

Rearranging the last equation we get

i =— (le +p(a¢)> : (4.10)

(% Y1

We now integrate the equation in (4.10) to obtain
Inv' = —2Iny; — /p(w)dw.
Exponentiating both sides yields

e~ [ p(z)dx

v = e—21ny1—fp(m)d:c _ e—21nyle— S p(z)de _ >
Y1

An integration with respect to x now gives

effp(m)dw
v(z) :/ (y%) dzx. (4.11)

This formula provides a second solution ys(x) = v(x)y; (z) of Eq. Eq. (4.8)
on any interval where y; () is never zero. Note that because an exponential



May 14, 2022 11:40 WSPC/Book Trim Size for 9in x 6in swp0000

50 Book Title

function never vanishes, y2(x) is a nonconstant multiple of y;(x), so y1(z)
and ys(x) are linearly independent solutions.

2

Example 4.7 Given that y;(z) = 2* is a solution of

22y — 3xy’ + 4y = 0, x>0,

find a second linearly independent solution.
Solution: We first divide the equation by its leading coefficient 22 to
get the standard form

3 4
y”—fy'—&-—Zy:O.
X X

Thus we have p(z) = —2. Reduction of Order method will be used to

obtain a second linearly independent solution y2(x). The method assumes

that y2(7) = 2%v(z) where v(z) is given by formula (4.11) as

(z) = / (ef;dz>dx
eBlna:
e

=Inzx

for > 0. Thus our equation has the two independent solutions y; (z) = x>

and yo(z) = 2% Inz for > 0.

Example 4.8 Given that y;(z) = e” is a solution to the DE
2y’ —(1+2)y +y=0, x> 0.
Write the general solution to this DE.
Solution: Before we can apply the Reduction of Order formula to find

a second solution, we must first divide the equation by its leading coefficient
x to get the standard form

1 1
y”—<+1>y’+y:0.
T xT
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Thus we have p(z) = — (1 4+ 1). The Reduction of Order formula in (4.11)
yields the second linearly independent solution ys(x) = e®v(z) with

o(z) = / (e‘](;)d> dx
()
:/C;)dx

/:Ee_””dx (Integration by parts)

=—ge ¥ —e "

for z > 0. It follows that yo(z) = —(x + 1)e "e® = —(x + 1) and conse-
quently the general solution is given by

y(z) = c1e” + co(z + 1).

4.3 Homogeneous Equations with Constant Coefficients

Consider the second order linear ODE with constant coefficients
ay” + by +cy =0, (4.12)

where a, b, and ¢ are given constants. To write the general solution for Eq.
(4.12) we need two linearly independent solutions. To this end, we try to
find exponential solutions of the form

y(z)=e

Then 3/(x) = re™ and y”(z) = r2e"™. If we substitute in Eq. (4.12) we
find the result to be

ar?e™ + bre"® + ce"™ = 0;
that is,
(ar2 + br + c) e =0.

Because €"* is never zero, we see that y = "™ will be a solution of Eq.
(4.12) precisely when 7 is a root of the quadratic equation

ar? +br+c=0. (4.13)
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This equation is called the characteristic equation or auxiliary equation of
the differential equation in (4.12). Our problem, then, is reduced to the
solution of this purely algebraic equation. According to the fundamental
theorem of algebra, every nth-degree polynomial has n zeros, though not
necessarily distinct and not necessarily real.

The roots of the auxiliary equation can be obtained using the general
formula

L_ —bEVA
B 2a

where A = b? — 4ac is called the discriminant of the quadratic equation
(4.13).

Upon solving the the auxiliary equation (4.13), we face one of the fol-
lowing three cases:

e Case A > 0: The roots of the characteristic equation (4.13) are real
and different, let them be denoted by 71 and r9, where 71 # 9. Then
y1(x) = e™® and ya(x) = €™ are two solutions of Eq. (4.12). The
Wronskian of y; and ys is

6T13U 67‘2‘7; 6(r1+r2)z.

W(en*,e™") = =(r2—m1)

1€ roeh2®

Since the roots are distinct then ro — 71 # 0 and consequently the
Wronskian is not zero. So y; and y2 form a fundamental set of solutions
and as a result the general solution of Eq. (4.12) is given by

y(z) = 1™ + cpe™”.

e Case A = 0: The roots of the characteristic equation (4.13) are re-
peated real roots, let them be denoted by r; =75 = f%. The difficulty
is immediately apparent; both roots yield the same solution

5T

U1 (g;) = e 2a

of the differential equation (4.12). To find a second linearly independent
solution the Reduction of Order method will be used. Starting with
y2(z) = v(z)e™?, we have from the Reduction of Order formula in

(4.11) that
e_fgdz
v(x) z/ (_b> dx = /ldarzw.
e a®
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Therefore yo(z) = ze~2e”. The Wronskian of these two solutions
y1(x) = e~ 2a® and yo(z) = ze~ 20" is

b, b,
b T 35T
W 2) — b b b =€ .
(y Y ) b —2Lg b T~ 35T _b .

" 2a 2a

Since W (y1, y2) is never zero, the solutions y; and ys are a fundamental
set of solutions. Further, the general solution of Eq. (4.12) is

s b
y(x) = cre” 2a® + coxe 207,

e Case A < 0: The characteristic equation (4.13) has conjugate complex
roots 7 = a 4 Bi, where @ and 8 > 0 are real and i> = —1. In this
case the two solutions y; = e(@t8D* and y, = e(®=FD% are complex-
valued functions, whereas in practice we would prefer to have real-
valued solutions. To this end we use Euler’s formula:

e = cosz +isinz,
where z is any real number. It follows from this formula that

P = cos Bz + i sin B, (4.14)
e~ = cos Bz — isin B

Note that by first adding and then subtracting the two equations in
(4.14), we obtain, respectively,

e 4 e7P = 9cos fu, (4.15)
BT — 7T — 9 sin fu.
The superposition principle states that any linear combination of 3
and ys is also a solution. In particular, let us form the sum and then
the difference of y; and y>. We have
y1 +yo = 0T 4 lamfi)r o gow (piBr 4 o =) = 90T cog By,
Y — Yo = e(aJrﬁi)m . e(afﬁi)z — 0% (eiBz - efiﬁz) — 2% sin 5$

Hence, neglecting the constant multipliers 2 and 2i, respectively, we
have obtained a pair of real-valued solutions

u(z) = e** cos Bz, v(x) = e sin fz.
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We can easily show that the Wronskian of » and v is
W (u,v) = Be?*®.

Thus, as long as 8 # 0, the Wronskian W is not zero, so v and v form
a fundamental set of solutions. Consequently, the general solution is

y(z) = c1e™* cos fx + cpe™” sin fz.

Example 4.9 Solve the following differential equations.
(a) 12" =5y’ =2y =0 (b)) y"—10y/'+25y =0  (c)2y"—3y'+4y =0
Solution:
(a) The auxiliary equation is 12r2 — 57 — 2 = 0. The discriminant of
this equation is

A =b* —dac =25 — 4(12)(—2) = 121 > 0

Thus we have two distinct real roots

~b—vVA 5-11 1

"=, 4 1
. b+ VA 5411 2
2T 9 T 24 3

Therefore the general solution of the differential equation is

—z/4 2z/3.

y(x) = cre + coe

(b) The auxiliary equation is r? — 10r + 25 = 0. Since the discriminant

A = 10% — 4(1)(25) = 0, then we have repeated roots
—b
M =T = % =5

Consequently, the given differential equation has the general solution

y(x) = 1% + cozed®.

(c) The auxiliary equation is 2r? — 3r + 4 = 0 and its roots are complex
because A = 3% — 4(2)(4) = —23 < 0. Using the general formula, the roots
are

r_3j:\/—23 _ 3+40V23 31\/232,
- 4 - 4 T4 4

swp0000
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Thus a = % and § = @, so the general solution of the DE is

y(x) = c1e1” cos - + coet” sin -

Example 4.10 Find the solution of the initial value problem
y'+2y +4y=0,  y(0)=0,  y'(0)=2. (4.16)

Solution: The auxiliary equation associated with the DE is r2+2r+4 = 0.
Since A =22 —4(1)(4) = —12 < 0, the auxiliary equation has the complex
roots

2+ /<12  —2+2/3i
.= ; _ 2‘”:-&%&.

Thus o = —1 and 8 = /3, so the general solution of the differential equa-
tion is

y(x) = cre” " cos (\/§x> + coe” T sin (\/ga:) . (4.17)
Applying the first initial condition y(0) = 0 gives
y(0)=c1=0

It follows that the solution can be expressed as

y(z) = cpe” 7 sin (\/gx)
For the second initial condition we must differentiate Eq. (4.17);

Y (z) = V3cze ™ cos (\/5:1:) — c9e” ¥ sin (\/51:)
and then set x = 0. In this way we find that
\/502 =2,

from which ¢, = % Using these values of ¢; and ¢; in Eq. (4.17), we
obtain

y(x) = %e‘x sin (\/gac)

as the solution of the initial value problem (4.16).
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4.4 Cauchy-Euler Equation

A second-order linear differential equation that can be expressed in the
form

az?y” + bry' +cy =0, x>0, (4.18)
where a, b, and c¢ are constants, is called a Cauchy-Euler equation.
To solve a Cauchy-Euler equation, we assume solutions of the form

y(z) =z".

r—2

Then y' = r2"~! and y” = r(r — 1)2"~2. Substituting the values of y,y’

and y” in the Cauchy-Euler equation (4.18) yields
[ar(r — 1)+ br + clz" = 0.
Since " # 0 for > 0, then
ar(r—1)+br+c=0.
Rearranging the last equation gives the quadratic equation
ar? +(b—a)r +c=0, (4.19)

which is called the auxiliary equation associated with the Cauchy-Euler
equation (4.18).

Upon solving the the auxiliary equation (4.19), we face one of the fol-
lowing three cases:

e The roots of the characteristic equation (4.19) are real and different,
let them be denoted by r; and ro, where 1 # ro. Then yy(z) = 2™
and ya(z) = z™ are two solutions of Eq. (4.18). The Wronskian of y;
and o is

" x"?
-1

W(a:”,zrz) = 1| =(ra —r1) AR

rix’t T rox’2 T

Since 2 > 0 and the roots are distinct then 27177271 £ 0 and r,—r; # 0.
It follows that the Wronskian is not zero and so y; and ys form a
fundamental set of solutions. Consequently the general solution of Eq.
(4.18) is given by

y(z) = crz™ + cox™.
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e The roots of the characteristic equation (4.19) are repeated real roots,

let them be denoted by ry = ro = 71’2’—&“. The difficulty is immediately
apparent; both roots yield the same solution

b—a

yi(z) =z~ =

of the Cauchy-Euler equation (4.18). We will employ the Reduction of
Order method to obtain a second linearly independent solution. Start-
. . _b=—a .. b

ing with yo(z) = v(z)z~ 2= and noticing that p(z) = ==, we have from

az’
the Reduction of Order formula in (4.11) that

for x > 0. Therefore ya(z) = 2~ "% Inz. The Wronskian of these two
solutions is

_b—a ,ul
€T 2a €T 2a nTr b—a 1
W(y1,y2) = b b b =z @
(y Y ) _bz—am— -1 P =1 _ bz._ax_Taa_llnx
a a

Thus, as long as © > 0, the Wronskian W is not zero, so y; and y»
form a fundamental set of solutions. Further, the general solution of
Eq. (4.18) is

b—

y(x) = ca” 7+ 0233_’)2_7“ Inz.

The characteristic equation (4.19) has conjugate complex roots r =
a + Bi, where o and 8 > 0 are real and > = —1. In this case the two
solutions y; = (@B and Yo = (=P are complex-valued functions,
whereas in practice we would prefer to have real-valued solutions. The
superposition principle states that any linear combination of y; and
yo is also a solution. In particular, let us form the sum and then the
difference of y; and yo. With the help of the identities (4.15)

e 4 e7 7 — 2 cos Bz,

e _ 7T — 94 sin Bux,
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we have for z > 0 that
e $(o¢+ﬁi) + x(af[ﬁi) — e(a+ﬁi) Inz + e(ozf,Bi) Inz
_ ealnx (eiﬁlnz + e—iﬁlnz) — 22 cos (ﬂlnx),
and

T x(oz+ﬁi) _ m(afﬁi) _ e(a+ﬁi) Inz _ 6(047,82') Inzx
_ ealnz (ezﬂlnx _ e—iBlnx) — 2% sin (ﬁlnx) )

Hence, neglecting the constant multipliers 2 and 2i, respectively, we
have obtained a pair of real-valued solutions

u(z) =2%cos (BInz), v(z) = 2%sin (Blnzx).
A straightforward calculation shows that
W (u,v)(x) = pa?*~ L

Thus, as long as 8 # 0, the Wronskian W is not zero for x > 0, so u
and v form a fundamental set of solutions. Consequently, the general
solution is

y(z) = ez cos (Blnx) + cox®sin (flnx) .
Example 4.11 Find the general solution to the differential equation
227" + 3xy' —y =0, x> 0. (4.20)

Solution: This is a Cauchy-Euler equation with a =2, b =3, and ¢ = —1.
We seek solutions of the form y = x”. Substituting in Eq. (4.20) gives that
r must satisfy the auxiliary equation

ar* + (b—a)r +c=0,
2r 47 —1=0.
For this quadratic equation A = 12 — 4(2)(=1) = 9 > 0, and so it has

two distinct real roots 1 = % and ro = —1. This produces the solutions
y1(x) = /2 and yo(x) = 21, Thus the general solution of Eq. (4.20) is

1
y(z) = c1v/x + CQ;.
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Example 4.12 Solve the Cauchy-Euler equation
22y — 3zy' + 4y = 0, x> 0. (4.21)
Solution: Substituting y = =" in Eq. (4.21) gives the auxiliary equation

ar? +(b—a)r+c=0,
r? —4r+4=0.

The auxiliary equation has repeated roots ry = ro = 2. This gives the two
solutions y;(z) = 22 and yo(z) = z?Inz, so the general solution of Eq.
(4.21) is

y(z) = c12? + cp2’ In x> 0.
Example 4.13 Find a general solution for
z2y" — 3zy’ + 6y =0, x> 0. (4.22)

Solution: We seek solutions of the form y = z”. The auxiliary equation
associated with this Cauchy-Euler equation is

r2—4r +6 =0,

with the complex roots r = 2 + v/2i. Using that & = 2 and 8 = /2,
this produces the real solutions yi(z) = z%cos (V2Inz) and yo(z) =
z?sin (V2Inz). Hence the general solution of Eq. (4.22) is

y(z) = c122 cos (\/§In m) + cor? sin (\/iln x) , x> 0.

4.5 Nonhomogeneous Equations

We now return to the nonhomogeneous equation

v +p(2)y + q(z)y = g(x), (4.23)

where p, ¢, and g are given (continuous) functions on the open interval I
and g(z) # 0. Putting g(z) = 0 in Eq. (4.23) we obtain the homogeneous
equation

y" +p(x)y + q(x)y = 0. (4.24)
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Eq. (4.24) is called the homogeneous equation corresponding to Eq. (4.23).
The following two results describe the structure of solutions of the nonho-
mogeneous equation (4.23) and provide a basis for constructing its general
solution.

Theorem 4.6 IfY; and Ys are two solutions of the monhomogeneous
equation (4.23), then their difference Y1 — Ys is a solution of the corre-
sponding homogeneous equation (4.23). If, in addition, y1 and y2 are a
fundamental set of solutions of Eq. (4.24), then

Yi(z) — Ya(z) = ciya (2) + cay2(2) (4.25)
where ¢; and co are certain constants.

The next theorem shows how to find the general solution of (4.23) if we
know one solution y, of (4.23) and a fundamental set of solutions of (4.24).
We call y, a particular solution of (4.23); it can be any solution that we
can find, one way or another.

Theorem 4.7 The general solution of the nonhomogeneous equation
(4.23) can be written in the form

y(x) = cryr(w) + caya(z) + yp(z), (4.26)

where y1 and ys are a fundamental set of solutions of the corresponding
homogeneous equation (4.24), c1 and co are arbitrary constants, and y, is
some particular solution of the nonhomogeneous equation (4.23).

Proof. Suppose we know some specific solution, y,, of the nonhomoge-
neous equation (4.23). Let ¢(z) be an arbitrary solution of Eq. (4.23).
From Eq. (4.25) we thereby obtain

o(x) = yp(z) = cryr(x) + cayo(x)

which is equivalent to

o(x) = c1y1(w) + caya(z) + yp(2).

Since ¢ is an arbitrary solution of Eq. (4.23), the expression on the right
side of Eq. (4.26) includes all solutions of Eq. (4.23). O

Thus it is natural to call the solution in (4.26) the general solution of
Eq. (4.23). In In summary, to solve the nonhomogeneous equation (4.23),
we must do three things:
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e Find the general solution y,(x) = c1y1(x)+c2y2(z) of the corresponding
homogeneous equation. This solution is frequently called the comple-
mentary solution and may be denoted by y.(t).

¢ Find some single particular solution y,(x) of the nonhomogeneous equa-
tion.

e Add together the functions found in the two preceding steps to get the
general solution y(z) = yn(z) + yp(x).

We have already discussed how to find y,, (), at least homogeneous equa-
tions with constant coefficients and Cauchy-Euler equations. Therefore, in
the coming two sections, we will focus on finding a particular solution y,(z)
of the nonhomogeneous equation (4.23). There are two methods that we
will discuss. They are known as the method of undetermined coefficients
and the method of variation of parameters, respectively. Each has some
advantages and some possible shortcomings.

4.6 Method of Undetermined Coeflicients

The method of undetermined coefficients is usually used to find a particular
solution, y,(z), for nonhomogeneous equations of the form

ay” + by + cy = g(x). (4.27)

The method requires that we make an initial assumption about the form
of the particular solution y,(z), but with the coefficients left unspecified.
We then substitute the assumed expression into Eq. (4.27) and attempt to
determine the coefficients so as to satisfy that equation. If we are successful,
then we have found a solution of the differential equation (4.27) and can use
it for the particular solution y,(z). If we cannot determine the coefficients,
then this means that there is no solution of the form that we assumed.
In this case we may modify the initial assumption and try again. The
method of undetermined coefficients is restricted to a relatively small class
of functions, g(x). In particular, we consider only nonhomogeneous terms
that consist of polynomials, exponential functions, sines, and cosines.

The next theorem describes the superposition principle. It extends the
applicability of the method of undetermined coefficients and enables us to
solve initial value problems for nonhomogeneous differential equations.

Theorem 4.8 (Superposition Principle) If y1 is a solution to the
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differential equation

ay” +by' +cy = g1 (),
and yo 1S a solution to

ay” + by’ + cy = g2(),

then for any constants k1 and ko, the function kyyy + kayo is a solution to
the differential equation

ay” + by’ + cy = k1g1(x) + kaga(x).

Example 4.14  Given that y; (z) = (1/4) sin 2z is a solution to y” 4 2y’ +
4y = cos 2z and that yo(x) = /4 — 1/8 is a solution to y" + 2y’ + 4y = =z,
use the superposition principle to find a solution to the DE " + 2y + 4y =
11z — 12 cos 2x.

Solution: Let gi(x) := cos2z and go(z) := z. Then yi(x) =
(1/4) sin 2z is a solution to

v +2y 4y = g1 ()
and ya(z) = x/4 — 1/8 is a solution to
y'+2y + 4y = ga().

We can express 11z—12 cos 2z = 11go(z)—12g1(x). So, by the superposition
principle, the function

y(x) = 1lya(x) — 12y1(x) = 112/4 — 11/8 — 3sin 2z
is a solution to the given equation 3" + 2y’ + 4y = 11z — 12 cos 2x.

We now summarize the steps involved in finding the general solution of
Eq. (4.27) using the method of undetermined coefficients:

(1) Find the general solution of the corresponding homogeneous equation,
Yn(x).

(2) Make sure that the function g(z) in Eq. (4.27) belongs to the class of
functions: exponential functions, sines, cosines, polynomials, or sums
or products of such functions. If this is not the case, use another
method like the method of variation of parameters (discussed in the
next section).
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If g(x) = g1(z) + -+ + gn(z), that is, if g(z) is a sum of n terms,
then form n subproblems, each of which contains only one of the terms
g1(z), -+, gn(x). The ith subproblem consists of the equation

ay” + by’ + cy = gi(z),

where ¢ runs from 1 to n.

For the ith subproblem assume a particular solution y,, (z) consisting
of the appropriate exponential function, sine, cosine, polynomial, or
combination thereof. If there is any duplication in the assumed form of
Yp, (x) with the solutions of the homogeneous equation (found in step
1), then multiply y,,(z) by x, or (if necessary) by 22, so as to remove
the duplication. See the table below.

Find a particular solution y,, («) for each of the subproblems. Then
the sum

Yp(T) = yp, () + - + Yp, (2)

is a particular solution of the full nonhomogeneous equation (4.27).
The general solution of the nonhomogeneous equation (4.27) is

y(x) = yn(2) + yp(2).

g9(z) Yp(2)
Pn(3?> x5 (Anil?n + An,1$7l_1 —+ -+ Al.’L' + Ao)
P, (z)e™ 8 (Anx” + Az 4+ A+ Ao) e
P, (z) sin bx xs[(Anm" + A, 2" A+ AO) sin bx

+ (Ana:" + A,z 4+ A+ AO) cos bx]

P, (x) cosbx [(A,,La:" + A,z 4 A+ Ao) sin bx

xS
+ (Apaz™ + Ap_1z" ' + - 4 Az + Ag) cos br]

e P, (x) sin bx xse”[(Anx” + A, 2" A AO) sin bx

e

+ (Apz™ + Ap_qa™ 4 -+ Az + Ag) cos bz

4Py (z) cosbx xseaz[(Anxn + Ay b Ay + Ao) sin bx
+ (Ap2™ 4+ Ap_qz™ P 4 4 Az + Ag) cos ba
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Example 4.15 Determine the form of a particular solution for the given

differential equations. Do not solve.

(a)

y// _ 22/ _ 3y — 36295
The auxiliary equation in this problem is 72 — 2r — 3 = 0 with roots
r1 = 3, ro = —1. The method of undetermined coefficients yields

Yp(z) = Ae?”,

ylliy/:3$275
The auxiliary equation of the corresponding homogeneous equation in
2 —r =0 with roots r; = 0, r, = 1. Thus,

this problem is r
yn(x) = 1 + coe”.
Our initial choice for a particular solution is

Yp(z) = 2° (Ao2® + A1z + Ay) ,

but since a constant is a solution of the homogeneous equation, we
choose s = 1. Thus

yp(z) =2 (A2x2 + Az + AO) .

y//_y: (1+.’E+1’2)62x
The auxiliary equation of the corresponding homogeneous equation in
this problem is 72 — 1 = 0 with roots 71 = 1, 7, = —1. Thus,

yn(x) = c1e” + coe™ 7.
Our initial choice for a particular solution is

Yp(x) = 2° (Azxz + Az + A()) e,

but since no term in this form is a solution to the corresponding homo-
geneous equation, we choose s = 0. Thus

yp(x) = (A2x2 + Az + AO) e,

Yy’ + 4y = Tsin2x
The auxiliary equation of the corresponding homogeneous equation in
this problem is 72 4+ 4 = 0 with complex roots r = £2i. Thus,

yn(x) = €1 cos 2z + co sin 2z.
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Our initial choice for a particular solution is
yp(x) = 2° (A1 sin 2z + Ag cos 2x) ,

but since sin 2z is a solution of the homogeneous equation, we choose
s = 1. Thus y,(x) = = (A1 sin 2z + Ag cos 2z).

y' =3y — 4y = 3e ™ + 2sinx — 8¢ cos 2z

The auxiliary equation of the corresponding homogeneous equation in
this problem is 72 — 3r — 4 = 0 with roots r; = —1, 7, = 4. Thus,

yn(z) = e + coe®,

By the superposition principle, we can write a particular solution as
the sum of particular solutions of the differential equations

y' =3y —dy =3¢, y"—3y' —4y =2sinz, y"’'—3y' —4y = —8e” cos2x.

Our initial choice for a particular solution of the first equation is
Yp, () = z° (Ape™*), but since e™?
equation, we choose s = 1. Thus y,, () = Agze™®.

is a solution of the homogeneous
For the second
equation our initial choice is y,,(z) = z® (Ar1sinz + Az cosz). Since
sin z and cos x are not solutions of the homogeneous equation, we choose
s = 0. Thus y,, () = A; sinx+A; cosz. Finally, for the third equation,
Yps () = (Azsin2z 4+ Ay cos2x) e”. Therefore a particular solution of
the nonhomogeneous equation is their sum, namely,

Yp(®) = Yp, (%) + Yp, (T) + Yps ()
= Agzre ™" + Ay sinz + Ay cosx + Aze” sin 2z + Aye” cos 2.

Y’ +2y +2y =9e " (22 — 3)sinz
The auxiliary equation of the corresponding homogeneous equation is
r2 + 2r + 2 = 0 with complex roots » = —1 % i. Thus,
yp(x) = cre”“sinx + cae™ " cos x.
Our initial choice for a particular solution is
yp(x) = ™" [(Ao + Az + A2$2) sinz + (A3 + Aszx + A5x2) CoS x} ,

but since e~ sin x is a solution of the homogeneous equation, we choose
s =1. Thus

yp(x) =€ (A():E + Ay + AQIS) sinz+e™ " (Agl‘ + Ay + A5x3) coST.
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Example 4.16 Find the general solution of the differential equation
y" -2y — 3y = 3. (4.28)
Solution: We first solve the corresponding homogeneous equation
y" — 2y — 3y =0. (4.29)

The auxiliary equation for the corresponding homogeneous equation is 72 —

2r —3 = 0, and it has distinct real roots 1 = —1, ro = 3. A fundamental
set of solutions of Eq. (4.29) is y1(z) = e~® and y»(x) = €3*. Hence,

yn(x) = e + cee’”

is a general solution to equation (4.29). By the method of undetermined
coefficients, a particular solution to the original equation (4.28) has the
form

yp(z) = Ae?®,
where the coefficient A is yet to be determined. To find A we calculate
yp(z) = 24", Yy (z) = 4Ae*"
and substitute for y, 3/, and y” in Eq. (4.28). We obtain

4Ae*® — 4Ae*® — 346> = 3e**,

—3Ae%** = 3%,
and so A = —1. Thus a particular solution is
yp(2) = —e*
Therefore,
y(x) = yn(x) + yp(z) = cre™ ¥ + coe3® — 27

is a general solution to the nonhomogeneous equation (4.28).
Example 4.17 Find the solution to the initial value problem
' +2) +y=2>+1-¢", (4.30)
y(0) =0, ¢'(0)=2.
Solution: The corresponding homogeneous equation is

y' +2y +y=0. (4.31)



May 14, 2022 11:40 WSPC/Book Trim Size for 9in x 6in

Contents 67

The auxiliary equation in this problem, r? 4+ 27 + 1 = 0 has a double root
ri1 =re = —1. Hence

yn(x) = c1e” " + coxe™™

is a general solution to the corresponding homogeneous equation (4.31).
We now find a particular solution y,(z) to the original nonhomogeneous
equation (4.30). The method of undetermined coefficients yields

yp(z) = Ag + A1z + Asa® + Aze”.
Then,

yp(x) = Ay + 2422 + Aze”,
yg(l‘) = 2A2 + A3€z.

Substituting these expressions into Eq. (4.30) gives

Yy + 2yl +yp = Aox”® + (A1 4+ 442) x + (Ao + 241 + 245) + 4A3¢”

=22 +1—€".
Comparing the corresponding coefficients yields
Ay=1, A1 4+4A5=0, Ag+24;+24>=1, 4A3=-1.

Therefore,

Ag=T, Ai=—4, Apy=1 Az=-,

so a particular solution of Eq. (4.30) is
2 1 T
yp(x) =7 —dx +2° — 1<
The general solution is given by
1
y(x) = yn(z) + yp(x) = cre™  + coze ™ + 7 — 4o + 2 — Zez.
Satisfying the initial conditions yields
1
y(O):0:>cl+7—1=0=>clz—Z,
25 1

1
y/(o):2:>_cl+62_4_122:>02:Z+Cl:_§'
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Therefore, the solution to the given initial value problem is

27 1 1
y(z) = —Ze_”” - ime_w - Zem +a® — 4z + 7.

4.7 Variation of Parameters

Let us point out the kind of situation in which the method of undetermined
coefficients cannot be used. Consider, for example, the equation

y" +y=tanx.

The function g(z) = tanz has infinitely many linearly independent deriva-
tives

sec? T, 2sec? tanz, 4sec? z tan® z + 2sec? T, ...

Therefore, we do not have available a finite linear combination to use as a
trial solution.

We discuss here the method of variation of parameters, which can al-
ways be used to find a particular solution of the nonhomogeneous linear
differential equation

" +p(@)y +q(2)y = g(2), (4.32)
provided that we already know the general solution
yn(x) = cry1 () + coya () (4.33)
of the associated homogeneous equation
y" +p@)y +q(z)y =0.

Here, in brief, is the basic idea of the method of variation of parameters.
Suppose that we replace the constants, or parameters, ¢; and ¢y in the
solution in Eq. (4.33) by functions wu;(z) and ug(x), respectively. We ask
whether it is possible to choose these functions in such a way that the
combination

Yp(z) = w1 (z)y1(x) + u2(w)y2(z) (4.34)

is a solution of the nonhomogeneous equation (4.32). Thus we differentiate
Eq. (4.34), obtaining

Yp(x) = uy @)y () + ur (2)y) (z) + up(2)ya (@) + ua(x)ys(z).  (4.35)
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To avoid the appearance of the second derivatives u} () and uj(x), we now
set the terms involving u}(z) and u)(x) in Eq. (4.35) equal to zero; that
is, we require that

i (2)y1 (2) + up(2)ya(x) = 0. (4.36)
Then Eq. (4.35) becomes
Yp(x) = u1(2)y1 () + u2(z)ys(x)
and by differentiating again, we obtain
Yp () = uy (@) (2) + wa (@) () + uy(@)ys(2) + ua(2)ys (2).

Substituting for y,, y,,, and y, in Eq. (4.32) and then rearranging the terms
in the resulting equation we find that

uy () [yy + p(@)yy + q(2)yi] + ua(z) [y3 + p(x)ys + ()] (4.37)

+ui (2)yr () + us(@)ys () = g(=).

But both y; and y, are solutions to the associaated homogeneous equation,
S0

vl +p@)y +a@)yr =0 and 5 +p(@)ys + q(@)y2 = 0.
Therefore Eq. (4.37) reduces to

ui (@)y1 (x) + us()ya(x) = g(). (4.38)
Collecting Eqgs. (4.36) and (4.38), we obtain a system of two linear equations
in the two derivatives u} and wb:

ui (2)ys () + uh(x)ya(z) = 0, (4.39)

i (2)y1 (2) + up(2)ys (2) = g(x).
Note that the determinant of coefficients in (4.39) is simply the Wronskian

W (y1,y2) # 0. Once we have solved the equations in (4.39) for the deriv-
atives u] and u), we integrate each to obtain the functions u; and wug,

namely,
y2(z)g() -
ui(z) = 7W(y1,y2)(x)d , (4.40)
_ y1(x)g(z)
uz(x)

B W (y1,y2) ()
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Finally, the desired particular solution of Eq. (4.32) is

_wp(a)g(z) _n(@)gl@)
W (y1,y2)(2) Wy, yQ)(x)d . (441)

In our first example, we will discuss an equation where the nonhomo-

Yp(®) = —y1() dz + yo ()

geneous term does not belong to any of the families of polynomials, expo-
nential functions, sines, and cosines.

Example 4.18 Find the general solution of the equation

"+y=tanzx Tep<t

Solution: This equation has associated homogeneous equation
y// +y=0.

The roots of the auxiliary equation, 2 + 1 = 0, are r = 4i. Therefore,
the functions y; (z) = cosz and y,(z) = sinz are two linearly independent
solutions to the corresponding homogeneous equation, and so its general
solution is given by

yn(x) = ¢ cosx + cysinz.

Now we apply the method of variation of parameters to find a particular
solution to the original equation. The method assumes that y,(z) has the
form

yp(x) = u1(x) cosx + ua(x) sin x.

In this problem W (cosz,sinz) = 1. We can now use the formulas in (4.40)
to find uq and us:

-2 2
sin® x 1—cos*x
ul(x):—/sinmtanxdx:—/ dx:—/idas
cos cosx
= / (cosx —secz)dxr = sinz — In|sec + tan z|,
and
ug(x) = /cosmtana:dm = /Sinxdx = —CoST.
Therefore,

yp(x) = (sinz — In |secx + tanz|) cosz + (— cos x) sin z,
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which simplifies to
yp(x) = —coszIn|sec x + tan z|
Thus, a general solution to the given nonhomogeneous equation is
y(x) =1 cosz + casinz — cosz In|secx + tan x| .

Our second example shows the applicability of the method of variation
of parameters to linear equations with variable coefficients. In other words,
the method works provided we know a pair of linearly independent solutions
to the corresponding homogeneous equation.

Example 4.19 Find the general solution to
a2y’ — day’ 4+ 6y =2 + 1, x> 0. (4.42)

Solution: The associated homogeneous equation is the Cauchy-Euler
equation

22y — dzy’' + 6y = 0.
Its auxiliary equation, 72 — 5 4+ 6 = 0, has the roots r, = 2 and 7, = 3.
Hence, a general solution to the homogeneous problem is given by

yn(z) = 122 + cox®.

Here,

2% 23

2x 322

W(:Bz,xg) = 4

Using the method of variation of parameters, we look for a particular solu-
tion to the given equation in the form

Yp(z) = up(z)2? + ug(z)2”.
We first divide Eq. (4.42) by its leading coefficients x2 to get the standard
form

, 4, 6 341
vyt Sy =
x x x

r3+1
z2

and so we have g(x) =
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To determine the unknown functions u; and us, we use the formulas in

(4.40):

x3. .',ES—;l .73_2
U1(1’):—/dez—/(x_g—&-l)dx:—(—?—kx),

Hence, a particular solution to Eq. (4.42) is
-2 -3
yp(x) = — (:EQ +z> z? + (lnx - :c3> 3
3 1
=z°(lnz—1)+ —.
6
and a general solution is given by

1
y(x) = c12? + co2® + 2% (Inw — 1) + 6
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Chapter 5

Higher-Order Linear Differential
Equations

We now show that our discussion in the previous chapter of second-order
linear equations generalizes in a very natural way to the general nth-order
linear differential equation of the form

an(x)y(") + an,l(x)y("_l) + -+ a1(2)y + ao(x)y = b(x), (5.1)

where ag(x),a1(x),...,an(x) and b(xz) depend only on z, not y. When
ap,ai, ..., a, are all constants, we say equation (5.1) has constant coeffi-
cients; otherwise it has variable coefficients. If b(z) = 0, equation (5.1) is
called homogeneous; otherwise it is nonhomogeneous.

In developing a basic theory, we assume that ag(x), a1(x), ..., a, () and
g(x) are all continuous on an interval I and a,(z) # 0 on I. Then, on
dividing by a,(x), we can rewrite (5.1) in the standard form

Y™+ pu_1 @)y 4 pi(@)y + po(2)y = g(),

where the functions po(z),p1(z), ..., pn—1(z) and g(z) are continuous on I.
For a linear higher-order differential equation, the initial value problem
always has a unique solution.

Theorem 5.1  Suppose po(x),p1(x), ..., pn—1(2) and g(z) are each contin-
uous on an open interval 1 that contains the point xo. Then, for any choice
of the initial values vy, Y1, .-y Yn_1, there exists a unique solution y(x) on
the whole interval I to the initial value problem

Y™ 4 po_1(@)y "+ b pi(2)y + po(n)y = gla),

y(ﬂﬁ'o) = Y0 y,(l’o) =1 o y(nil) (l‘o) = TYn-1-

73
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Just as in the second-order case, a homogeneous nth-order linear differ-
ential equation has the valuable property that any superposition, or linear
combination

C1yY1 + C2y2 + ... + CpYn
of solutions of the equation is again a solution.

Definition 5.1 The m functions fi, fo, ..., f;, are said to be linearly de-
pendent on an interval I if at least one of them can be expressed as a linear
combination of the others on I; equivalently, they are linearly dependent if
there exist constants cq, co, ..., ¢, not all zero, such that

crfi(x) +eafo(x) + ..+ emfm(z) =0
for all z in I. Otherwise, they are said to be linearly independent on I.

Imagine now that we have found n solutions ¥, ..., y, to the nth-order
homogeneous linear equation

Y™ 4 pu-1(@)y "D+ pu(a)y’ + polx)y = 0. (5.2)
Is it true that every solution to (5.2) can be represented by
c1y1 + Y2 + ... + CplYn

for appropriate choices of the constants c1,...,c,? The answer is yes, pro-
vided the solutions yq, ..., y, satisfy a certain property that we now derive.

Theorem 5.2  Let y1,...,y, be n solutions on an open interval I of
Y™+ po1 @)y 4 pu()y + po(x)y = 0, (5.3)

where po(z), p1(x), ..., pn—1(x) are continuous on 1. If these solutions are
linearly independent on I, then every solution of (5.3) on I can be expressed
in the form

c1y1 +c2¥y2 + ... + CpYn
where c1, ..., ¢, are constants.

Thus every solution of a homogeneous nth-order linear differential equa-
tion is a linear combination

C1Y1 + c2Y2 + ... + CpYn

swp0000



May 4, 2022

11:1 WSPC/Book Trim Size for 9in x 6in

Contents 75

of any n given linearly independent solutions. On this basis we call such a
linear combination a general solution of the differential equation.

We now consider the nonhomogeneous nth-order linear differential equa-
tion

Y 4 paa @)y 4+ @)y + po(a)y = g() (5.4)
with associated homogeneous equation
y™ 4 ppa(@)y" T+ pu(@)y + po()y = 0. (5.5)

If we combine the superposition principle with the representation theorem
for solutions of the homogeneous equation, we obtain the following repre-
sentation theorem for nonhomogeneous equations.

Theorem 5.3 Let y,(z) be a particular solution of the mnonhomo-
geneous equation (5.4) on an open interval I where the functions
po(x),p1(x), ..., pn—1(z) and g(x) are continuous. Let yi,...,y, be linearly
independent solutions of the associated homogeneous equation in (5.5).
Then every solution of (5.4) on the interval I can be expressed in the form

y(z) = yn(x) + yp(x)
= c1y1 () + coya (@) + oo + cnyn(2) + yp(2).

5.1 Homogeneous Equations with Constant Coefficients

Consider the nth-order linear equation with constant coefficients
any'™ +an 1y + -+ ary +agy =0, (5.6)

where ag, a1, ..., a, are all real constants.
In Section 4.3 we substituted y(z) = €"* in the second-order equation

ay’ +by +cy+0

to derive the auxiliary equation that r must satisfy. To carry out this
technique in the general case, we substitute y(z) = " in Eq. (5.6), and
with the aid of

dk
dat

we find the result to be

an/r,’ne’f'l' + an71r7L_le,:L + . + a/lrr,el.’l, + aoefl — 0,
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that is,

e (anr™ + an1r™ '+ +arr +ag) = 0.

Because e is never zero, we see that y = €"* will be a solution of Eq. (5.6)
precisely when r is a root of the equation

A" + a1 4 agr +ag = 0. (5.7)

This equation is called the auxiliary equation or characteristic equation of
the differential equation in (5.6). Our problem, then, is reduced to the
solution of this purely algebraic equation.

According to the fundamental theorem of algebra, every nth-degree
polynomial—such as the one on the left-hand side of Eq. (5.7)—has n
zeros, though not necessarily distinct and not necessarily real. Hence we
can write the auxiliary equation in the form

(r—r))(r—mre) - (r—mry) =0,

with n roots, say r1,72,...,7,. Finding the exact values of these zeros may
be difficult or even impossible; the quadratic formula is sufficient for second-
degree equations, but for equations of higher degree we may need either to
use a factorization or to apply a numerical technique such as Newton’s
method or to use a calculator /computer solver.

Distinct Real Roots: If the roots 1, rs, ..., , of the auxiliary equation
in (5.7) are real and distinct, then

y(z) = 1™ + c0e™* + ...+ cpe™”

is a general solution of Eq. (5.6).

Repeated Real Roots: If the auxiliary equation in (5.7) has a re-
peated root r of multiplicity k, then the part of a general solution of the
differential equation in (5.6) corresponding to r is of the form

c1€"® + coze™ + caxle™ ... + ezt Tl
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Complex Roots: If the auxiliary equation has complex roots, they
must occur in conjugate pairs, o + Bi, since the coefficients ag,aq, ..., a,
are real numbers. Provided that none of the roots is repeated, the general
solution of Eq. (5.6) is still of the form

y(x) = 1™ 4 €™ + ...+ cpe™.

However, just as for the second order equation (Section 4.3), we can re-
place the complex-valued solutions e(®T#9)% and e(®*=#)? by the real-valued
solutions

e*¥cos(Bx),  e*sin(fzx).

Repeated Complex Roots: If a complex root o + [i is re-
peated k times, the complex conjugate a — (i is also repeated k times.
Corresponding to these 2k complex-valued solutions, we can find 2k
real-valued solutions by noting that the real and imaginary parts of
eloatBi)r pelatpfi)e ph—le(atBi)r a6 also linearly independent solutions:

e“@cos(Bx),  e*sin(fz),
xe*¥cos (Bx),  xe*Tsin(Bz),
2F e cos (Bx), M le™sin (Bx).

Example 5.1 Find the general solution of
y®) + 3y — 10y’ = 0. (5.8)

Solution: Assuming that y = €"*, we must determine r by solving the
auxiliary equation

r3 4+ 3r2 —10r = 0.
We solve by factoring:

r*+3r —10r =7 (r* +3r —10) =r(r +5)(r —2) =0,
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and so the auxiliary equation has the three distinct real roots 1y = 0,7y =
—5, 73 = 2. Therefore the general solution of Eq. (5.8) is

y(x) = c1 + cae” " + cz3e?”.
Example 5.2 Find the general solution of
Yy 420" 4y =0. (5.9)
Solution: The auxiliary equation is
1= (24 1)° =0,

which has the repeated complex roots r = i, —i, i, —i. Therefore the general
solution of Eq. (5.9) is

y(x) = cycosz + casinz + czzcosx + cqz sin .
Example 5.3 Find the general solution of
y@ + 4y = 0. (5.10)
Solution: The auxiliary equation is
Pt d= () = (20)% = (2 = 20) (P2 +2i) =0
and its four roots are £/£2i. Since i = ¢™/2 and —i = €37/2, we find that
V2i = (26”/2)1/2 =2t =2 (cos% +isin%) =141

. 1/2 .
V—=2i = (26’3”/2> =2eB7/4 = /2 (cos %T + 4 sin 3;) =—1+1.

Thus the four roots of the auxiliary equation are 1+ 4, —1 + i. These two
pairs of complex conjugate roots give the general solution of Eq. (5.10)

y(z) = c1€” cosx + coe” sinx + cze” ¥ cosx + cpe” T sin .

Example 5.4 Find the general solution of the fifth-order differential
equation

9y®) — 6y + ¢y = 0.
Solution: The auxiliary equation is

9r® —6rt 413 =13 (9r2 — 612 + 1) = 3 (3r — 1)2 =0.
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It has the triple root 7 = 0 and the double root » = 1/3. The triple root
r = 0 contributes

c1 + cox + 031‘2

to the solution, while the double root » = 1/3 contributes

z/3 3

cs€™/3 + cxme®!3.

Hence the general solution of the given differential equation is
y(x) = 1 + cow + c3x? + ca€™3 + cxwe®/3.
Example 5.5 Find the general solution of
y) 4y — 10y = 0.
Solution: The auxiliary equation is the cubic equation
4 r—10=0.

By a standard theorem of elementary algebra, the only possible rational
roots are the divisors of the constant term 10, namely +1, +2,+5,+10. By
trial and error (if not by inspection) we discover the root r = 2 and so r —2
is a factor of 73 +r — 10. Thus, using polynomial division, we get

P 4r—10=(r—2)(r* +2r +5)

The roots of the auxiliary equation are 2, —1 4 2¢. The three roots we have
found now yield the general solution

y(x) = c1€*® + coe” " cos 22 + cze” ¥ sin 2u.

Example 5.6 The roots of the characteristic equation of a certain differ-
ential equation are 0,5,5,7,7,7,7,2 4+ 3i, 2+ 3¢. Write the general solution
of this homogeneous differential equation.
Solution: The solution can be read directly from the list of roots. It is
y(x) = c1 + 2> + 325 4 4™ + c5xe™ 4 cer’e™ + crxde’™ +

c8€®® c08 3x + cge®® sin 3z + c1pre?® cos 3z + ¢11xe® sin 3.
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5.2 Undetermined Coefficients for Higher Order Equation

In this section we consider the nonhomogeneous constant coefficient equa-
tion

any™ + an_1y™ Y 4 by +agy = 9(@), (5.11)

where ag, ay, ..., a, are all real constants and g(x) is a sum of polynomials,
exponentials, sines, and cosines, or products of such functions.

The general solution of (5.11) is y(z) = yn(z) +yp(x), where y, is a par-
ticular solution of (5.11) and yy, is the general solution of the corresponding
homogeneous equation

any™ + an_1y" Y + -+ ary + agy = 0.

The procedure that we use to find y, is a generalization of the method
that we used with nonhomogeneous second order equations with constant
coefficients in Section 4.4, and is again called method of undetermined
coefficients. Since the underlying ideas are the same as those in Section
4.4, we'll give an informal presentation based on examples.

Example 5.7 Determine a suitable form for y,(x) if the method of un-
determined coefficients is to be used. Do not evaluate the constants.

(a) y/// _ Sy” + 3y/ —y =4e®

The auxiliary equation for the homogeneous equation corresponding to
this equation is

3 —3r?+3r—1=(r—1)>3=0,

so the general solution of the corresponding homogeneous equation is

yn(z) = c1e” + coxe” + czr?e”.

To find a particular solution y,(x), we start by assuming that y,(z) = Ae”.
2¢® are all solutions of the homogeneous equation,
we must multiply this initial choice by 3. Thus our final assumption is

that

However, since €%, ze®, x

yp(z) = Azie”.

(b) y® +2y" +y = 2sinx — 5cosw
First we solve the homogeneous equation

y@ +2y" +y =0
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The auxiliary equation is
2?4 1= (24 1)° =0,
and the roots are i, —i, 4, —i; hence
yn(x) = 1 8inx + c3 cos T + czx sinx + ¢4 cos x.

Our initial assumption for a particular solution is y,(z) = Asinz + Bcosz,
but we must multiply this choice by x2? to make it different from all solutions
of the homogeneous equation. Thus our final assumption is

yp(z) = Az?sinz + Bx? cosz.

(c) y® + 9y = wsin3x + x2e>®
The homogeneous equation corresponding to this equation is ) +9y’ =
0, with the auxiliary equation

T3+9T=T(T2+9) =0.
The roots of the auxiliary equation are 0, £3i; hence
yn(x) = ¢1 + casin 3z + ¢3 cos 3z.

We can write a particular solution as the sum of particular solutions of the
differential equations

y®) 4+ 9y = 2 sin 3z, y®) 9y = z%e?,
Our initial choice for a particular solution y,, (x) of the first equation is
Yp, () = (A1 + Ag) sin 3z + (Asx + Ay) cos 3z,

but since sin 3z is a solution of the homogeneous equation, we multiply by
x. Thus

Yp, () = z[(A12 + A2) sin 3z + (Asz + Ay) cos 3z]
= (A1x2 + Ag:c) sin 3z + (Ag:b2 + A4a:) cos 3.
For the second equation we choose
Yp, (7) = €** (A5:1:2 + Agz + A7) ,
and there is no need to modify this initial choice since €%, ze?* and x2e2®
are not solutions of the homogeneous equation. Hence a particular solution
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of the given equation is

yp(x) = (A1x2 + Agx) sin 3x+ (A3m2 + A4m) cos 3x+e2* (A5x2 + Agz + A7) .

Example 5.8 Find the general solution of
y® 4y = 3e” + 422 (5.12)
Solution: The auxiliary equation
P rr?=r2(r+1)=0
has roots r; = r, = 0 and r> = —1, so the complementary function is
yn(T) = 1 + cox + cze” .
As a first step toward our particular solution, we choose
yp(x) = Are” + Asz® + Aszz + Ay,

The part Aje” corresponding to 3e® does not duplicate any part of y,(x),
but the part Asz? + Asz + A4 must be multiplied by z? to eliminate du-
plication. Hence we take

yp(x) = Are® + Aqzt + Asa® + Aga®.
Next, we differentiate y,(x) three times
y;(z) = Ai€® + 4A52° + 3A522 4+ 2A,z,
yo(x) = Are” + 12A52° + 6 Azx + 244,
y$3) (2) = Are” + 24 Az + 643
Substitution of these derivatives in Eq. (5.12) yields
2A1€” + (2A4 + 6A3) + (643 + 2445) © + 124527 = 3e” + 422
Upon equating coefficients of like terms, we get

241 =3, 2A4+6A3=0, 6A3+244,=0, 124,=4

and so
3 1 4
A==, Ay=-, A3=—-, A;=4
1= 5 2= 3 3 3 4
Hence the desired particular solution is
3 1 4
yp(z) = —€e” + ot — —2® + 42,

2 3 3
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The general solution of Eq. (5.12) is

y(x) = yn(w) + yp()

3 1 4
=c1+cx+cze” T+ §€$ + §x4 — §x3 + 422
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Chapter 6

Laplace Transform Methods

The method of Laplace transforms is one of the basic problem solving tech-
niques in mathematics: transform a difficult problem into an easier one,
solve the latter, and then use its solution to obtain a solution of the original
problem. The method discussed here transforms an initial value problem
into an algebraic equation whose solution can then be used to solve the
initial value problem. In some cases this method is more efficient than the
methods previously discussed. This is especially true in physical problems
dealing with discontinuous forcing functions.

6.1 Definition of the Laplace Transform

To define the Laplace transform, we first recall the definition of an improper
integral. If g is integrable over the interval [a,b] for every b > a, then the
improper integral of g over [0, 00) is defined as

o0 b
/ g(x)dx = blim g(x)dz.

a

If the limit is finite we say that the improper integral converges and that
the limit is the value of the improper integral. If the limit fails to exist, the
improper integral diverges.

Definition 6.1 Given a function f(t) defined for all ¢ > 0, the Laplace
transform of f is the function F' defined as follows:

F(s) = /0 T et (6.1)

for all values of s for which the improper integral converges

85
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The Laplace transform can be viewed as an operator £ that transforms
the function f(¢) into the function F'(s),

L:f(t) = F(s)
Thus, (6.1) can be expressed as

F(s)=L{f(®)}-

The Laplace transform £ {f(t)} exists if f satisfies certain conditions, such
as those stated in the following theorem.

A function f(t) is said to be piecewise continuous on a finite interval
[a, b] if f(t) is continuous at every point in [a, b], except possibly for a finite
number of points at which f(¢) has a jump discontinuity (the one-sided
limits exist as finite numbers). A function f(¢) is said to be piecewise
continuous on [0, 00) if f(¢) is piecewise continuous on [0, N] for all N > 0.

For example, from the graph of the function f(¢),

t, 0<t<l,
f) =<2, 1<t<?,
(t—2)%, 2<t<3,

we see that f(t) is continuous on the intervals (0,1), (1,2), and (2,3].
Moreover, at the points of discontinuity, ¢ = 0,1, 2, the function has jump
discontinuities, since the one-sided limits exist as finite numbers. In par-
ticular, at ¢ = 1, the left-hand limit is 1 and the right-hand limit is 2.
Therefore f(t) is piecewise continuous on [0, 3].

In contrast, the function f(¢) = 1/t is not piecewise continuous on any

interval containing the origin, since it has an “infinite jump” at the origin,

. 1
lim — = 400, lim — = —o0.
t—0t ¢ t—0— ¢

Theorem 6.1  Suppose that
(1) f is piecewise continuous on the interval 0 <t < A for any positive A.

(2) |f(t)| < Ke® whent > M. Here K, a, and M are real constants, K
and M necessarily positive.

Then the Laplace transform F(s) = L{f(t)}, defined by (6.1), exists
for s > a.

Example 6.1 Determine the Laplace transform of the constant function

ft)=1.
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Solution: The definition of the Laplace transform in (6.1) gives

o0
F(s) = / e st 1dt
0

b

= lim | e %dt
b—oo 0

efst b
= lim }
0

b—oo —8

—bs
= lim (e +1>
b—o0 —S

— 0 when s > 0, we get

Since lim e~ %s

b—oo

When s < 0, the integral [~ e~**d¢ diverges. Hence F(s) = 1, with the
domain of F(s) being all s > 0.

Example 6.2 Find the Laplace transform of f(t) =¢ .
Solution: Using the definition of the transform with f(t) = ¢,

F(s) = /OOO te”tdt (6.2)
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If s # 0, integrating by parts yields

b
F(s) = lim te”stdt

b—oo J

te—st e—st b
lim [ — - —
b—oo S S 0

:{5127 5> 0,

oo, s<0.

If s = 0, the integral in (6.2) becomes
b

lim [ tdt = lim %] = oc.

b—oo 0 b—o0

Therefore F(0) is undefined and

F(s) = =, s> 0.

Example 6.3 Determine the Laplace transform of the finction

e, 0<t<3,
f(t)_{ 4, t>3.

Solution: Notice that the function f has jump discontinuities at ¢ = 3.
Splitting the integral in the definition of Laplace transform, we get

F(s) = /0 et (bt

3 0o
= / e stedt +/ e . Adt
0 3

3 b
= / e~ =Dtgr 4+ 4 lim [ e stdt
0

b—oo 3
3

—(s—2)t —stqb
= e] +4 lim & ]
—(s—=2)], b—oo —5 |4

B 6—3(3—2) N 1 4 lim e—sb N
S \—(5—-2) s-2 b—oo \ —§
1— 6—3(5—2) e—3s

= +4 for s>0.
s—2 s
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The given table lists the Laplace transforms of some of the elemen-
tary functions. You should become familiar with these, since they are fre-
quently encountered in solving linear differential equations with constant
coefficients. The entries in the table can be derived from the definition of
the Laplace transform.

fle F(s)=%{f}(s)
1
1 rE s=0
1
e s> a
s—a
1
", o n=1,2,... % s =0
. b
sin bt
52+ b? s=0
5
cos bt 5 S s=0
5+ b
!
e, n=12... ”7" s=a
- (s—a)"!
b
al i _—. sS4
% sin bt (—a)y+1?
" cos bt - 7-,“ s §=a
(s —a)*+ b

6.2 Properties of the Laplace transform

An important property of the Laplace transform is its linearity. That is,
the Laplace transform is a linear operator. This property results directly
from the linearity properties of integration.

Theorem 6.2
then

(Linearity of the Transform) If a and b are constants,

L{af(t) +bg(t)} = al{f(t)} +0L{g(D)}

for all s such that the Laplace transforms of the functions f and g both
exist.

Example 6.4 Determine £ {sin 3t —2e™ + 5} .
Solution:From the linearity property, we obtain

L{sin3t — 2" +5} = L {sin3t} — 2L {e"} +5L{1}.

swp0000



May 14, 2022 11:40 WSPC/Book Trim Size for 9in x 6in swp0000

90 Book Title

From the table,
3

L
L {sin 3t} o 5> 0,
1
L{e"} =— 4
{e } UYL s > 4,

1
E{l}:g, s> 0.

Using these results, we find

3 1 1
in 3t — 2" = -2 -
L {sin3 e +5} 259 (3—7>+5<s>
5
S

3 2

_ 7 >4,
219 s—7 5

Example 6.5 Determine £ {sinh 2t} .
Solution: Recall that

Therefore, by linearity,

2 -2t
L{sinh2t} = L {H}

2
1 2t —2t
2513{6 —e '}

= (L —c{e™))
_l

S 2\s—-2 s+2
14

2524

2
2527_4 fOl“ s> 2.

Theorem 6.3  (Shifting Property) If the Laplace transform L{f(t)} =
F(s) exists for s > a, then

L{e"f(t)} = F(s—a) (6.3)
fors>a+a.

Example 6.6 Determine £ {e3t cos 4t} .
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Solution: From the table

S
L 4t} = F(s) = ——.
{cos 4t} (s) 2116
Thus, by the shifting property, we have
-3
L{e* cosdt} = F(s—3) = i 5 .
(s—3)"+16

Example 6.7 Determine £ {t?¢™*} .
Solution: From the table

L{Py=Fis) = =

Thus, by the shifting property, we have
2
(s+4)

Theorem 6.4 (Multiplication by t") Let F(s) = L{f(t)} and assume
f(t) is piecewise continuous for t > 0, and of exponential order a. Then,
for s > a,

L{t?e "} =F(s+4) =

LA f(O)} = (~1)" FT(s). (6.4)

Example 6.8 Determine £ {¢sin3t}.
Solution: We already know that

3

Hence, using formula (6.4) with n = 1, we have

L{tcos3t} = (-1)' d%, <32i_9>

~ 0O ()

—2s
- ()

(s2+9)*

Example 6.9 Determine £ {t sin? t} .
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Solution: Recall that

sin?t = — (1 — cos 2t).

N | =

By the linearity property we obtain

L {sin’t} = ,c{;u —cos?t)}

%(/L{l}—ﬁ{cos%})
1/1 S
-5 (5-752)-

Hence, using formula (6.4) with n = 1 and f(t) = sin®t, we have

£{tsin?t) = (~1)" % (; (i - 3214>)
1 (-1 (s +4) (1) — (s) (2s)>

82 (S2+4)2
R e S e

— 2 52 (52+4)2
_1f1 48
C2\s? (244)7)

Example 6.10 Determine £ {te2t cos 5t} .
Solution: We already know that

S

,C {COS 3t} = m

Using the shifting property (6.4), we have

E{ezt cos?)t} = #
(s—2)"+25
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Hence, using formula (6.4) with n = 1 and f(t) = €% cos 3t, we get

o d 5 —
L {te* cosbt} = (1) o ((8_2)22_‘_25>

{(3—2)2+25]-1—(3—2).2(3—2)

(s -2 +25]

(s—2)%—=25
T
[(s 92y 25}
Theorem 6.5 (Laplace Transform of Higher-Order Derivatives)
Let f(t), f'(t), ..., f™=D(t) be continuous fort >0, and let f™)(t) be piece-

wise continuous for t > 0, with all these functions of exponential order c.
Then, for s > «a,

L™} (s) = s"F(s) = 871 f(0) = 5" 72f(0) = o = fO(0),
where F(s) = L{f} (s).

For example,

L{f'}(s) = sF(s) = £(0),
L{f"}(s) = s*F(s) = f(0)s = f(0),
L{f"}(s) = s*F(s) = f(0)s* = f(0)s — £7(0).

The last theorem tells us that by using the Laplace transform we can re-
place “differentiation with respect to ¢” with “multiplication by s,” thereby
converting a differential equation into an algebraic one. This idea is ex-
plored in Section 7.5. For now, we show how Theorem 4 can be helpful in
computing a Laplace transform.

Example 6.11 The transfer function of a linear system is defined as the
ratio of the Laplace transform of the output function y(¢) to the Laplace
transform of the input function g(t), when all initial conditions are zero. If
a linear system is governed by the differential equation

y"(t) + 6y (t) + 10y(t) = g(t), t>0.

Determine the transfer function H(s) = Y (s)/G(s) for this system.

swp0000
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Solution: Let F(s) = L{y}(s) and G(s) = L{g}(s). Taking the
Laplace transform of both sides of the differential equation gives

L{y" +6y +10y} = L{g}.

We can use the linearity property of the Laplace transform and the theorem
on the Laplace transform of higher-order derivatives to obtain

LA{y"} +6L{y'} +10L{y} = G(s)
s2Y (s) — y(0)s — 3/ (0) + 6 (sY (s) — y(0)) + 10Y (s) = G(s).
Since all initial conditions are zero, we have
s2Y () 4+ 6sY (s) + 10Y (s) = G(s),
(s> + 65+ 10) Y(s) = G(s).
We can now express the transfer function H(s) = Y (s)/G(s) by
Y (s) 1

G(s) (s2+6s+10)

Theorem 6.6 If the function f is piecewise continuous for t > 0 and is
of exponential order a, then

lim F(s)=0. (6.5)

§— 00

The condition in (6.5) severely limits the functions that can be Laplace

transforms. For example, the function F(s) = s/(s 4+ 1) cannot be the
Laplace transform of any function because its limit as s — oo is 1, not 0.
More generally, a rational function (a quotient of two polynomials) can be
a Laplace transform only if the degree of its numerator is less than that of
its denominator.

6.3 Inverse Laplace Transform

We start this section with the following result.

Theorem 6.7  Suppose that the functions f(t) and g(t) are piecewise con-
tinuous for t > 0 and are of exponential order as t — +oo, so that their
Laplace transforms F(s) and G(s) both exist. If F(s) = G(s) for all s > ¢
(for some c¢), then f(t) = g(t) wherever on [0,00) both f and g are contin-
UOUS.
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Thus two piecewise continuous functions of exponential order with the
same Laplace transform can differ only at their isolated points of disconti-
nuity. This is of no importance in most practical applications, so we may
regard inverse Laplace transforms as being essentially unique. Morwover, if
F'(s) is the transform of some continuous function f(t), then f(t) is uniquely
determined. This observation allows us to make the following definition:

Definition 6.2 Given a function F(s), if there is a function f(¢) that is
continuous on [0, 00) and satisfies

L{f}=F(s),

then we say that f(t) is the inverse Laplace transform of F(s) and employ
the notation

L7YF} = f.

Usually the Laplace transform tables will be a great help in determining
the inverse Laplace transform of a given function F'(s).

The linearity property of the inverse Laplace transform is inherited from
the linearity of the operator L.

Theorem 6.8 Assume that L~ {F} and L~ {G} exist and are contin-
uous on [0,00) and let ¢ be any constant. Then
LYHF+Gy=LY{F}+ LG},
LY cF}y =L {F}.

Example 6.12 Determine the inverse Laplace transform of the given
function.

@ £ (&)

Recall that £ {tQ} = S% Using the linearity property we get

Thus £7' { %} = %
() £ { s }
We know that £ {e 2"} = ﬁ So, L1 { 1 } =e 2,

0 £ ()
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Referring to the Laplace transform tables, we see that £ {sindt} =
ﬁ. We now use the linearity property

1 1
SL{sindt} = ———
4/.3{51n } 2116’
3 3
SL {sindt) = —>
gL lsindt} = 5

3 3
—si 4 = —\
£{4bln t} 116

Hence,

3 3
1 o .
L {M}4Sln4t

@ £ {25}
Referring to the Laplace transform tables, we find that £ {t3 } = f—i
The shifting property now gives

3!
L) = .
Using the linearity property, we find

1
(s—7"

5 )
Zr 7tt3 _

L {5€7tt3} = o .
6 (s—7)"

< { = 7)4} i
@ £ {252}

By completing the square, the quadratic in the denominator can be
written as

1
éﬁ {€7tt3} =

)

Hence,

2 —254+5=52-2s+1—-1+5=(s—1)°+4.
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Thus,
_ 5s—5 [ (s=1)—4
Py G R B QS 2
{52—25+5} {(3—1)2—1—4}

SR Tr e B (e ey

This suggests that we use the formulas

s
A= —
L {cos2t} o
-1
L {et coth} = 872
(s—1)"+4
and
L {si Zt}*i
e = ey
2
/J{et sin2t} =—5
(s—1)"+4
Hence,
-1 (s—1) ot -1 2 ot
E {(81)2+4}—€ COS2t, E {W =e Sln2t.

Finally, we can determine the inverse Laplace transform:

-1 s—=5 _ Lt ot
L {M}—e cos 2t — 2¢e" sin 2t.

. -1 5> —265—47
Example 6.13 Determine £ {W}

Solution: We begin by finding the partial fraction expansion for

2 —265—47
oD (1D (sF5) "
so the expansion has the form

52 — 265 — 47 A n B L C (6.6)
(s—1)(s+2)(s+5) s—1 s+2 s+5 ’

The denominator consists of three distinct linear factors,

where A, B, and C are real numbers to be determined. We multiply (6.6)
by (s —1)(s + 2)(s + 5) and find

§2 =265 —47 = A(s +2)(s +5) + B(s — 1)(s +5) + C(s — 1)(s +2). (6.7)
for all s. Setting s =1 in Eq. (6.7) gives
—72=184 — A=-4
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Next, setting s = —2 gives

9=-9B =— B=-1.
Finally, letting s = —5, we similarly find that

108 =18C = C(C =6.

Now that we have obtained the partial fraction expansion (6.6), we use
linearity to compute

2
1 5% —26s — 47 ) 4 -1 6
£ {(3—1)(s+2)(s+5) =L s—1+s+2+s+5

PP 1 a1 1 4 1
=L {sl £ s+2 6L s+5

= —4et — e 4 6.

Example 6.14 Determine £! {%} .

Solution: We first observe that the quadratic factor (s + 4) is irre-
ducible. The partial fraction expansion has the form

s2+8s+6 B A +C’s+D (6.8)
(s+1)(s2+4) s+1  s2+4° '

When we multiply both sides by (s + 1)(s? + 4), we obtain
s+ 85+6=A(s>+4)+ (Cs+ D) (s +1), (6.9)
for all s. In equation (6.9), let’s put s = —1,0 and 1. We find
-1
5
34
s=0 = 6=4A+D = ng,

s=-1 = —-1=5A = A=

6
s=1 — 15=5A+2C+2D — ng'
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With this partial fraction expansion in hand, we can immediately determine
the inverse Laplace transform:

E*l S2+85+6 _[’71 _% 4 gs—’_%
(s+1)(s2+4)f s+1  s2+4
1 1 6 s 17 2
— _7L—1 *;C_l 75—1
5 {s+1}+5 {32+4}+5 5244
1 6 17
= —fe_t—|—7c052t+€sin2t.

5 5
The multiplication rule by ¢",

L{f(1)} = (=1)" F™(s),
can be expressed in terms of the inverse Laplace transform as

£ {F()} =~ (o), (6.10)
where F(s) = L{f(t)}.

Example 6.15 Determine £! {m}
Solution: We note first that

i 1 . —2s
ds \s?+4)  (s2+4)*

By formula (6.10) with n =1 and F(s) = ﬁ, it follws that

1 —2s (s

c {<32+4>2}£ {F'(s))

—1 s RN P | 1
2 {(s2+4)2}_( WL {s2+4}

1 S - 1 .
2L {(82_1_4)2} = (—t)§ sin 2¢.

Thus,
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Solution: We are looking for f(t) = L£71{F(s)}, where F(s) =

In (iiﬁ) According to formula (6.10) with n =1,

LTHF ()} = (-0)f() = f(t)Z%lﬁ_l{F’(S)}-

Since

s—4

F(s):ln< >:ln(s—4)—ln(s—3),

s—3

we have
1 1
Fl(s) = —
(5) s—4 s—3’

Thus,

6.4 Transforms of Discontinuous Functions

In this section we study special functions that often arise when the method
of Laplace transforms is applied to physical problems. Of particular interest
are methods for handling functions with jump discontinuities.

To deal effectively with functions having jump discontinuities, it is very
helpful to introduce a function known as the unit step function, or Heaviside
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x=uylf)

function. This function will be denoted by u,, a > 0, and is defined by

0, t < a,
%u)z{l o (6.11)

The function wu, has its jump at ¢ = a. By multiplying by a constant
M, the height of the jump can also be modified:

0, t<a,
Mua(t)_{M t>a.

The Laplace transform of u, is easily determined:

LA{ua(t)} = /000 e g (t)dt

oo
= / e stdt
a

Il
—_
5
m\
»
~
U
Sy

1 Il
g Iz
g2 gE
7~ N\ -~ ~

Cbl | o
g @ z‘i
| | —_
V) o~ ~
o I
|8 S
a N——
N———

- , 5> 0. (6.12)

For a given function f, defined for ¢ > 0, we will often want to consider
the related function g defined by

s =w@fe-a={} LS e

which represents a translation of f a distance a in the positive ¢ direction
as shown in the figure below.

swp0000



May 14, 2022

11:40 WSPC/Book Trim Size for 9in x 6in

102 Book Title

T

. ___-//I’EIJ —apfit—a)

» E——

We next present the following relation between the transform of f(t)
and that of its translation u,(t) f(t — a).

Theorem 6.9 If F(s) = L{f(t)} exists for s > c, then
L{ua(t)f(t —a)} = e " F(s) (6.14)

and
L7 e ™ F(s)} = ua(t)f(t — a), for s>a+ec (6.15)

Thus the last theorem implies that £~! {e~%*F(s)} is the function whose
graph for ¢ > a is the translation by a units to the right of the graph of
f(¢) for t > 0. Note that the part (if any) of the graph of f(¢) to the left of
t = 01is “cut off” and is not translated. In some applications the function
f(¢t) describes an incoming signal that starts arriving at time ¢ = 0. Then
uq(t) f(t — a) denotes a signal of the same “shape” but with a time delay
of a, so it does not start arriving until time ¢ = a.

In practice it is more common to be faced with the problem of computing
the transform of a function expressed as u,(t)g(t) rather than u,(t) f(t —a).
We can easily obtain from (6.14) that

L{ua()g(t)} = e L{g(t +a)}. (6.16)

Example 6.17 Determine an inverse Laplace transform of the given func-
tion.
—4s
m) £ {5}

To use the translation property (6.15), we first express ";—; as the prod-

swp0000
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uct e~ **F(s). For this purpose, we put a =4 and F(s) = s% Thus,

f)y=2L7" {513} = %t?

It now follows from the translation property (6.15) that

o {6855} — s f(t—4) = % (t — )2 ua(t)
_ {0, t < 4,

T—4)?, t> 4.

ey

We use the translation property (6.15) with a = 2 and F(s) = ﬁ.
Since
fity=,"1t L —sin 3t
B s24+9) 3 ’
we get
e 2" sin(3t — 6)
L7Vt =w)ft—2)= ———us(t
(s} = w2 = =00
|0, t <2,
| 4sin(3t-6), t>2.
- se” 3¢
®) £ { s )
We use the translation property (6.15) with a = 3 and F(s) = 75

By completing the square in the denomenator,

S S S
2+4s+5  s24+4s+(4—4)+5 (2 +4s+4)+(5—4)
- s s+t 2-2
(s+2°+1 (s+2)7°+1
s+2 2

(s+2°%+1 (s+2°+1
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Since

o s+2 _ 2
o)=L {(s+2)2+1 (s+2)2+1}

_ 1 s+2 _opt 1
(s+2)°+1 (s+2)°+1

=e 2 cost — 2e % sint

= e 2" (cost — 2sint)

we get

—3s
e s w3y

= e 2073 [cos (t — 3) — 2sin (¢ — 3)] us(t).

Example 6.18 Determine the Laplace transform of t%us(t).
Solution: To apply equation (6.16), we take g(t) = t*> and a = 3. Then

gt+a)=g(t+3)=(t+3)7>=t>+6t+09.

Now the Laplace transform of g(t + a) is

2 2 6 9
Llglt+a)} =L{P +6t+9} = F+ 5+

So, by formula (6.16), we have

L{tus(t)} =e > (523 + % + 9) )

S S

Example 6.19 Determine £ {(sint) u,(t)}
Solution: Here g(t) = sint and a = 7. Hence,

g(t+a)=sin(t+ ) = —sint

and so the Laplace transform of ¢g(t + a) is

1

LA{g(t+a)} =—L{sint} = B

Thus, from formula (6.16), we get

L{(sint)us ()} = — 2
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Example 6.20 Find £{f(¢)} if
0, t <2,
f(t)_{tz‘, t>2.

Solution: Before applying formula (6.16), we must first write f(¢) in
the form g(t)uq(t). The function f(¢) can be expressed as

F(8) = tus(2).
Here g(t) = t? and a = 2. But then
C{glt+2)} =£{(t+2’} = L{P+4t+4} = ER
3 s s
so now formula (6.16) yields

L{ft)} = L{tus(t)} =e (2 + 2y 4) .

s3 52 s

6.5 Solving Initial Value Problems

We now discuss the application of Laplace transforms to solve a linear
differential equation with constant coefficients, such as

ay” + by’ +cy = f(t), (6.17)

with given initial conditions y(0) = « and y'(0) = . By the linearity
of the Laplace transformation, we can transform Eq. (6.17) by separately
taking the Laplace transform of each term in the equation. The transformed
equation is

al{y"} +bL{y'} +cL{y} = L{f()}. (6.18)

The key to the method is the theorem that tells us how to express the
transform of the derivative of a function in terms of the transform of the
function itself,

£{y™} () = 5"Y () = 5" 1y(0) = "2 (0) = - =y (0),
where F'(s) = L{f} (s). For example,

L{y'} (s) = sY(s) —y(0),
LA{y"}(s) = s*Y( (0)
L{y"}(s) = s*Y(s) —y(0)s* — 5/ (0)s — ¢ (0).
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With the given initial conditions, Eq. (6.18) becomes
a (5?Y (s) = y(0)s — y'(0)) + b (sY (s) = y(0)) + ¥ (s) = F(s),
where Y (s) = L{y(t)} and F(s) = L{f(t)}. Solving for Y (s) yields

Y(s) = F(s) (as +b) y(0) + ay’(0)
as?+bs+c as? +bs+c '

Our remaining task is to compute the inverse transform of the rational
function Y (s),

y(t) =L7H{Y(s)}.

This can be done by looking it up in a table or by using a suitable method
(such as partial fractions) in combination with the table.

As further illustrations of the technique of solving initial value problems
bymeans of the Laplace transform and partial fraction expansions, consider
the following examples.

Example 6.21 Solve the initial value problem
y' =y —6y=0;  y(0)=2, ¢ (0)=-1L (6.19)

Solution: Let F(s) = L{y(t)}. The differential equation in (6.19) is
an identity between two functions of t. Hence equality holds for the Laplace
transforms of these functions:

L{y" —y' —6y}=L{0}.
Using the linearity property of £ and that £ {0} = 0, we can write
Ly} =Ly} —6L{y} =0, (6.20)

From the formulas for the Laplace transform of higher-order derivatives and
the initial conditions in (6.19), we find

L{y'}(s) =sY(s) —y(0) = sY(s) — 2,
L{y"} (s) = s*Y(s) —y(0)s —¢/(0) = s*Y (s) — 25 + L.

Substituting these expressions into (6.20) yields
s2Y (s) — 25+ 1 — (sY(s) — 2) — 6Y(s) = 0,
which we quickly simplify to
(s°—5—6)Y(s) =2s—3.
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Thus

)

2s—3

Y6)=5—~—%

(6.21)
Our remaining task is to compute the inverse transform of the rational
function Y'(s). This can be done most easily by expanding the right side of
Eq. (6.21) in partial fractions. Thus we write

2s —3 25 —3 A B

Y(S):32—5—6:(5_3)(5+2):3_3+5+2'

Multiplication of both sides of this equation by (s — 3)(s + 2) yields the
identity

2s —3=A(s+2)+ B(s—3).

If we substitute s = 3, we find that A = %; substitution of s = —2 shows
that B = % Hence

s—3 s+2

and taking the inverse transform of this yields

as the solution to the initial value problem (6.19).

Example 6.22 Use the Laplace transform to solve the initial value prob-
lem

y' —6y +5y=3€e"  y(0)=2 ' (0)=3. (6.22)

Solution: Let £{y(t)} = Y(s). Taking Laplace transforms of both
sides of the differential equation in (6.22) yields

L{y" -6y +5yt =L {3€2t} ,
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which we rewrite as

L{"Y — 6Ly} + 5L {y) = S_% (6.23)

Then the initial conditions in (6.22) imply that

L{y'}(s) = sY(s) —y(0) = sY(s) — 2,
L{y"}(s) = 2V (s) — y(0)s — y'(0) = s*Y (s) — 25 — 3.

Substituting from the last two equations into (6.23) yields

s%Y (s) —25 — 3 — 6 (sY(s) — 2) +5Y(s) = 5 5"
5 —
Therefore
2 3
(s> —6s45)Y(s) = o T2,
o
(s )5~ Dy (s) = BB
5—2
and
(2s—=9)(s—2)+3
Y(s) = .
S PR ¥ P T
Using partial fractions we can write Y(s) in the form
(2s—9)(s—2)+3 A B C

(s—1)(s—2)(s—5) s—1 +s—2+s—5'
Multiplication of both sides of this equation by (s — 1)(s — 2)(s — 5) yields
(2s—9)(s—2)+3=A(s—2)(s—=5)+B(s—1)(s—=5)+ C(s —1)(s — 2).

If we substitute s = 1, we find that A = g; substitution of s = 2 shows that
B = —1; substitution of s =5 gives that C' = % Hence

swp0000
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and taking the inverse transform of this yields

y(t) = L7H{Y (s)}

PSS S GRS S G D S
_2‘C {3—1} £ {3—2}+2£ {5—5}
5

which is the solution to the initial value problem (6.22).

Il
9]
-
\
9]
)
~
+
|
o)
S

Example 6.23 Solve the initial value problem
y" + 4y = sin 3¢; y(0) =0, y'(0) = 0. (6.24)

Solution: Let £{y(t)} = Y (s). Applying the Laplace operator to the
differential equation in (6.24) yields

L{y"}+4L{y} = L {sin3t}.
Because both initial values are zero, we get that

L{y"} (s) = Y (s) — y(0)s — /(0) = s°Y (s).

We read the transform of sin3t from Laplace table and thereby get the
transformed equation

3
2 —

Thus,

3

YO = mrnezeo)

By the method of partial fractions, there exist constants A, B,C and D
such that

3 _As+B CUs+D

(s244)(s2+9) s2+4+ 249

and multiplication of both sides of this equation by (52 + 4) (32 + 9) yields
the identity

3=(As+B) (s> +9)+ (Cs+ D) (s> +4),
3=(A+C)s*+(B+D)s*+ (9A+4C) s + (9B + 4D)
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for all s. Then, comparing coefficients of like powers of s, we have
A+C =0, B+ D =0, 9A +4C =0, 9B + 4D = 3,
which are readily solved for A =0, B = %, C=0,D= —%. Hence

1 3 1

3
Y(s) =2 _2
(5) 5s24+4 58249

and taking the inverse transform of this gives the solution

y(t) = L7H{Y (s)}

3 . 2 1.4 3
B TOE {s2+4} a 5[2 {52+9}
= % sin 2t — E sin 3t.
Example 6.24 A mass that weighs 32 1b is attached to the free end of
a long, light spring that is stretched 1 ft by a force of 4 1b. The mass
is initially at rest in its equilibrium position. Beginning at time ¢ = 0
(seconds), an external force f(t) = cos2t is applied to the mass, but at
time ¢ = 27 this force is turned off (abruptly discontinued) and the mass
is allowed to continue its motion unimpeded. Find the resulting position
function x(t) of the mass.
Solution: We need to solve the initial value problem

" + 4z = f(t); z(0)=0, 2'(0)=0, (6.25)
where f(¢) is the function

cos 2t 0<t<2m
t — b —_ b
1) { 0, t > 2m.

We note first that
f(t) = cos 2t — ugy cos 2t = cos 2t — ugy cos 2 (t — 27)
because of the periodicity of the cosine function. Hence formula (6.14) gives

LA{f(t)} = L{cos2t — ugr cos2(t —2m)}
= L{cos2t} — L {usrcos2 (t — 2m)}
s s
T 2+4 244

—27s
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Applying the Laplace transforms to the equation in (6.25) gives the trans-
formed equation

s s
_ - e
s24+4 244 ’

s2X(s) +4X(s) =

SO

Because

1
»671 % = Ztsln?t
(s2+4)

by formula (6.10), it follows from the translation property (6.15) that

1 1
z(t) = Zt sin 2t — ugy [4 (t —2m)sin2(t — 2m)

1
=1 [t — (t — 27) ugx (t)] sin 2¢
[ Ltsin2t, 0<t<2m,
| 3wsin2t, t > 2m.
T T T T
b MR = E rl.l:rl .
| | |
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